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1 INTRODUCTION

Levine[9] introduced generalized closed (briefly g—closed) sets and studied their basic properties.
Veera Kumar [12] introduced g—Closed sets in topological spaces. Andrijevic[1] introduced a new
class of open sets called b—open sets. R.Subasree and M.Mariasingam[11] introduced a new class of
sets called bg—closed sets.

Recently minimal open sets and maximal open sets in topological spaces were introduced and studied
by F.Nakaoka and N.Oda [5]. In section 3, a new class of sets called bg—minimal and bg—maximal
closed sets in topological spaces are introduced and characterized so as to determine their behaviour
relative to subspaces. The purpose of this present paper is to study some fundamental properties
related to generalized minimal closed sets. The complement of a generalized minimal closed set is said

to be a generalized maximal open set.
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2  PRELIMINARIES

Throughout this paper (X, 1) (or simply X) represents a non—-empty topological space on which no
separation axioms are assumed unless otherwise mentioned. For a subset A of X, cl(A), Int(A) and A°
denote the closure of A, interior of A and the complement of A respectively. Let us recall the

following definitions.

DEFINITION 2.1[5] : A subset A of a space (X,7) is called a

() A minimal open (resp. minimal closed) set if any open (resp. closed) subset of X which is
contained in A, is either A or @.

(i) A maximal open (resp. maximal closed) set if any open (resp. closed) subset of X which contains
A, is either A or X.

The following duality principle holds [5] for subset A of a topological space X:

(1) A is minimal closed if and only if X — A is maximal open.

(2) A is maximal closed if and only if X — A is minimal open.

DEFINITION 2.2 [5]: A topological space is said to be locally finite space if each of its elements is

contained in a finite open set.

DEFINITION 2.3: A subset A of a space (X,1) is called a

(i) b—openset[1] if A < cl[Int (A)] U Int [cl(A)]

(if) generalized closed (briefly g—closed) set[9] if cl(A)SU whenever ACU and U is open set in X.

(iii) g—closed set[12] if cl(A) €U whenever ACU and U is a semi—open set in (X,7).

(iv) bg—closed set[11] if bcl(A) €U whenever ACU and U is g—open set in (X,7).

The complement of a b—open set is called b—closed set and the complement of a g-—closed(resp.

g—closed and bg—closed) set is called g—open (resp. &—open and bg —open) set .

The intersection of all bg—closed sets of X containing A is called the bg—closure and is denoted by

bg—cl(A). The family of all b—closed (resp. g—closed, g—closed and bg—closed) subsets of a space X is

denoted by b—C(X) (resp. g—C(X), g—C(X) and bg— C(X)).

3 MINIMAL bg -OPEN SETS AND MAXIMAL bg -CLOSED SETS

In this section we introduce and study the properties of Minimal bg—open sets and Maximal bg—closed
sets.

DEFINITION 3.1: A proper non-empty bg—open subset A of X is said to be a minimal bg—open if

any bg—open set contained in A is ® or A.
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DEFINITION 3.2: A proper non-empty bg—closed subset A of X is said to be a maximal bg—closed if

any bg—closed set containing A is either X or A.

EXAMPLE 3.3: Let X = {a,b,c,d} with a topology t = {X,®,{b}{b,d},{a,b,d}}

bg-0(X) = {X, @, {a}, {b}, {d}.{a.b}.{a,d}.{b.c}.{b.d}{ab,c}{ab,d}{b,cd}}

bg-C(X) = {X, @, {a}, {c}, {d} {ac}.{ad}{b.c}{c.d}{ab,c}{acd}{bc,d}}

Here {a},{b},{d} are minimal bg—open sets of X and {a,b,c}{a,c,d}{b,c,d} are maximal bg—closed

sets of X.

REMARK 3.4: Minimal open and minimal bg—open sets are independent to each other.

EXAMPLE 3.5: Let X = {a,b,c} with a topology 1= {X,®,{a,c}}

bg-0O(X) = {X, @, {a}.{c}{a b} {ac}.{b.c}}

Here {a,c} is minimal open but not minimal bg§—open and {a},{c} are minimal bg—open sets but not

minimal open.

REMARK 3.6: Maximal closed and Maximal bg—closed sets are independent to each other:

EXAMPLE 3.7: In Example (3.5), {b} is maximal closed but not maximal bg—closed and

{a,b}, {b,c} are maximal bg—closed but not maximal closed.

DEFINITION 3.8: A proper non-empty bg—closed subset A of X is said to be a minimal bg—closed if

any bg—closed set contained in A is ® or A.

DEFINITION 3.9: A proper non-empty bg—open subset A of X is said to be a maximal bg—open if

any bg—open set containing A is either X or A.

EXAMPLE 3.10: Let X ={a, b, ¢, d}, 1= {X,®,{a},{a,b},{a,d},{a,b,d}}

bg-O(X) = {X, @, {a}, {b}, {d},{a,b},{a,c}, {a,d},{b,d},{a,b,c},{ab,d},{ac,d}}

bg-C(X) = {X, @, {b}, {c}, {d},{a,c},{b,c},{b,d},{c,d},{ab,c},{ac,d},{b,cd}}

Here {b},{c} and {d} are minimal bg—closed sets and {a, b, c}, {a,b,d} and {a,c,d} are maximal

bg—open sets.

THEOREM 3.11:

(i) Let A be minimal bg—open set and B be a bg—open set. Then AnB = ® or AcB.

(ii) Let A and B be minimal bg—open sets. Then AnB=®dor A=B

PROOF:

(i) Let A be a minimal bg—open set and B be a bg—open set. If AnB = @, then there is nothing to
prove. If AnB # ®. Then AnBcA. Since A is minimal bg—open set, we have A NnB = A.
Therefore A <B.

(ii) Let A and B be minimal bg—open sets. If AnB # ®, then A <B and B — A by (i). Hence A = B.
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THEOREM 3.12: Let A be a minimal bg—open set. If xeA, then AcB for any open regular
neighborhood of B of x.

PROOF: Let A be a minimal bg—open set and x be an element of A. Suppose there exists a regular
open neighborhood A of x such that Az B. Since B is regular, AnB is minimal bg—open with
ANB <A and AnB # ®. Since A is a minimal bg—open set, we have AnB = A. That is Ac B,
which is a contradiction for A & B.Therefore A < B for any open regular neighborhood of B of x.
THEOREM 3.13: Let A be a minimal bg—open set. If xe A, then A=B for some bg—open set B
containing x.

THEOREM 3.14: Let A be a minimal bg—open set. If xeA, then A = n{B:B is bg—open set
containing x} for any element x in A.

PROOF: By theorem (3.13) and A is bg—open set containing x, we have A < {B: B is bg—open set
containing x} — A. Hence A= {B:B is bg—open set containing x}

THEOREM 3.15: For any x € X and a subset A in X, X € bg—CI(A) if and only if Un A # @ for
every bg—open set U containing X.

PROOF: Let xeX, AcX and x € bg—CI(A). We prove the result by the method of contradiction.
Suppose there exists a bg—open set U containing x such that Un A =®. Then A cX—-Uand X— U is
bg—closed. We have bg—CI(A) <X —U. This gives x ¢bgCI(A), which is contradiction. Hence
U A # @ for every bg—open set U containing X.

Conversely, let U A # @ for every bg—open set U containing x. We prove the result by the method of
contradiction. suppose x ¢bg—CI(A). Then there exists a bg—closed subset V containing A such that
X ¢V. Then xe X -V and X — V is bg—open. Also (X — V) A = @, which is a contradiction. Hence
X € bg-CI(A).

THEOREM 3.16: Let A be a non-empty bg—open set. Then the following are equivalent:

(1) A is a minimal bg—open set.

(2) Acbg-CI(U), for any non-empty subset U of A.

(3) bg—CI(A) = bg—CI(U), for any non-empty subset U of A.

PROOF: (1)=(2): Let A be minimal bg—open set. Let xe A and U be a non-empty subset of A.
By theorem (3.13), there is a bg—open set B containing x such that AcB. Then we have Uc AcB
which implies Uc=B. Now U =UnA cUnB. Since U is non-empty, we have U ~B# ®. Since B is
any bg—open set containing X, by above theorem (3.15), xebg-CIl(U). That is xeA implies
xebg—CI(U). Hence A <bg—CI(U), for any non-empty subset U of A.
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(2)=(3): Let U be a non-empty subset of A and Acbg—CI(U). Then bg—CI(U)=bg—CI(A) and
bg—CI(A) =bg—CI(U). Hence bg—CI(A) = bg—Cl(U), for any non-empty subset U of A.

(3)=(1): Let bg—CI(A) = bg—CI(U), for any non-empty subset U of A. Suppose A is not a minimal
bg—open set. Then there exists a non-empty bg—open set B such that B A and B #A. Now there exists
an element x e A such that x¢ B, which implies xe X — B. That is bg—CI({x}) cbg-CI(X —B) =X — B,
as X — B is bg—closed in X. It follows that bg—CI({x}) # bg—CI(A). This is a contradiction to the fact
that bg—CI({x}) = bg—CI(A), for any non-empty subset {x} of A. Thus A is a minimal bg—open set.
THEOREM 3.17: Let B be a non-empty finite bg—open set. Then there exists at least one (finite)
minimal bg—open set A such that Ac B.

PROOF: Let B be a non-empty bg—open set. Then we have the following two cases:

(1) B is a minimal bg—open.

(2) B is not a minimal bg—open.

Case (1): If we choose B = A, then the theorem is proved.

Case (2): If B is not a minimal bg—open, then there exists a non-empty (finite) bg—open set B; such
that B; = B. If B; is minimal bg—open, we take A = B;. If B; is not a minimal bg—open set, then there
exists a non-empty(finite) bg—open set B, such that B, < B; < B. We continue this process and have a
sequence of bg—open sets ... < Bn c........ B, <B; <B. Since B is finite, this process will end at
finite number of steps. That is, for any natural number k, we have a minimal bg—open set By such that
Bk = A. Hence the proof.

COROLLARY 3.18: Let X be a locally finita space and B be a non-empty bg—open set. Then there
exists at least one (finite) minimal bg—open set A such that A < B.

PROOF: Let X be a locally finite space and B be non-empty bg—open set. Let x € B. Since X is finite,
we have a finite open set By such that xe Byx. Then BBy is a non-empty finite bg—open set.
By theorem (3.14), there exists at least one (finite) minimal bg—open set A such that A « B By. That
is A < B. Hence there exists at least one (finite) minimal bg—open set A such that AcB.
COROLLARY 3.19: Let B be a finite minimal open set. Then there exists atleast one (finite) minimal
bg—open set A such that A < B.

PROOF: Let B be a finite minimal open set. Then B is a non-empty finite bg—open set. By theorem
(3.17), there exists at least one (finite) minimal bg—open set A such that A < B.
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THEOREM 3.20: Let A and A; be minimal bg—open sets for any AeT. If Ac | ] A; then there
Aell

exists an element A I" such that A=A, .

PROOF: Let Ac | J A;. Then An | J A;=A. Thatis | J(A;nA)=A. Also by theorem(3.11),
Ael Ael Ael

ANnA;, = dor A=A, forany A eTl. Hence there exists an element 2 el"suchthat A= A;.
THEOREM 3.21: Let A and A; be minimal bg—open sets for any 1eT". If A #A; forany 1eT,
then | J A; nA=0.

Ael

PROOF: Suppose | JA; nA # ®. That is [ J(A;nA)= ®. Then there exists an element
Ael Aell

AeTlsuch that AnA; = ®. By theorem(3.11), we have A= A; which is a contradiction to the fact

that A# A; forany A1el'. Hence | ] A; nA=0.
Ael’

THEOREM 3.22: A proper non-empty subset A of X is maximal bg—closed if and only if X — A is
minimal bg—open.

PROOF: Let A be a maximal bg—closed set. Suppose X—A is not a minimal bg—open set. Then there
exists a non-empty bg—open set B such that B X —A. Thatis A < X — B and X — B is a bg—closed
set. This is a contradiction to the fact that A is a maximal bg—closed set.

Conversely, Let X —A is a minimal bg—open set. Suppose A is not a maximal bg—closed set. Then
there exists a bg—closed set B # A such that A ¢ B # X. That is ® # X-B <X-A and X-B is a
bg—open set. This contradicts the fact that X — A is a minimal bg—open set. Hence A is a maximal
bg—closed set.

THEOREM 3.23:

(i) Let A be maximal bg—closed set and B be a bg—closed set. Then AUB =X or B cA.

(ii) Let A and B be maximal bg—closed sets. Then Au B=XorA=B

PROOF:

(i) Let A be a maximal bg—closed set and B be a bg—closed set. If AU B = X, then there is nothing to
prove. If AUB # X. Then A cAuB and AUB is bg—closed. We have AuUB = A, as A is maximal
bg—closed set. Then we have B c—A.

(i) Let A and B be maximal bg—closed sets. If A UB # X, then AcB and Bc A by (i). Therefore
A=B.
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THEOREM 3.24: Let A be a maximal bg—closed set. If xe A then for any bg—closed set B containing
x,Au B=XorB cA.

PROOF: Let A be a maximal bg—closed set and x € A. Suppose there exists bg—closed set B
containing x such that AUB # X. Then A cAuB and AUB is a bg—closed. Since A is a maximal

bg—closed, we have AUB = A. Hence B A.
THEOREM 3.25: Let A,, Az, A, be maximal bg—closed sets such that A, = Ag If (A, "Az)c A,
then either A, = Aor Ag=A,.
PROOF: Given that (A, NAg)c A, . If A, = A, then there is nothing to prove.
Butif A, = A, then we have to prove Ag=A,  Now
Ag A, =Ag (A NX)
= Az (A, (A, U Ag))
=As (A, N A V(A NAg))
=(As A NA)U(AsNA NAg)
=(Ay N Ag) U (A, NAg) (since(A, NAg)c A)
=(A, VA )N Ag
=X N Az (bytheorem3.23)
Since Az and A, are maximal bg—closed sets, we have Ag = A, .

THEOREM 3.26: Let Ay, Ag and A, be maximal bg—closed sets which are different from each

other. Then (A, N Ag) z (A, NA)

PROOF: Let(A, nAgz) < (A, NA).Then (A, nAZ)U(AzNA)C (A, NA)U(AgAA), which
implies (A, VA, )NAg = A, N(A, UAg). Since by theorem (3.23) (A,UA)=X ,and
(A, WAg)=X which implies X nAg = A nX which gives AgcA,. From the definition of
maximal bg—closed set it follows that Aﬂ = Ay,which contradicts that Aa,Aﬂ and Ayare different
from each other. Hence (A, N Ag) Z (A, NA).

THEOREM 3.27: Let A be a maximal bg—closed set and x € A. Then A = {B : B is a bg—closed set
containing x such that A U B # X}.
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PROOF: By theorem (3.24) and the fact that A is a bg—closed set containing X, we have A < U {B:
B is a bg—closed set containing x such that A U B # X } < A. Hence the result.

THEOREM 3.28: Let A be a proper non-empty co-finite bg—closed set. Then there exists (co-finite)
maximal bg—closed set B such that A < B.

PROOF: If A is maximal bg—closed, we may take B = A. If A is not a maximal bg—closed set, then
there exists (co-finite) bg—closed set A; such that A —A; # X. If A; is a maximal bg—closed set, we
may take B = A;. If A; is not a maximal bg—closed set, then there exists (co-finite) bg—closed set A,
such that A < A; <A, # X. Continuing this process, we have a sequence of bg—closed sets such that
AcAicAyc... cAc ... #X since Ais a co-finite set, this process will end in a finite number
of steps. Then finally we get a maximal bg—closed set B = B, for some natural number n.

THEOREM 3.29: Let A be a maximal bg—closed set. If xe X — A then X — Ac B for any bg—closed
set B containing x.

PROOF: Let A be a maximal bg—closed set and x € X —A. Let B be bg—closed set containing x. Then
by theorem (3.20), either AUB = X or Bc A. But Bz A, for any bg—closed set B containing X.
Therefore X — A < B.

THEOREM 3.30: Let A be a non-empty bg—closed set. Then the following are equivalent:

(1) Ais a minimal bg—closed set.

(2) A < bg—Int(U), for any non-empty subset U of A.

(3) bg—Int(A) = bg—Int(U), for any non-empty subset U of A.

PROOF: (1)=(2): Let A be minimal bg—closed set. Let xe A and U be a non-empty subset of A.
There exists a bg—closed set B containing x such that A < B. Then we have U < A < B which implies
UcB. NowU=Un A cU nB. Since U is non empty, we have U nB # ®. Since B is any
bg—closed set containing X, x e bg-Int(U). That is x € A implies x e bg-Int(U). Hence
A < bg—Int(U), for any non-empty subset U of A.

(2) = (3): Let U be a non-empty subset of A and A —bg—Int(U). Then bg—Int(U) < bg—Int(A) and
bg—Int(A) <bg-Int(U). Hence bg—Int(A) = bg—Int(U), for any non-empty subset U of A.

(3) = (1): Let bg—Int(A) = bg—Int(U), for any non-empty subset U of A. Suppose A is not a minimal
bg—closed set. Then there exists a non-empty bg—closed set B such that B — A and B # A. Now there
exists an element x € A such that x ¢ B, which implies x € X — B. That is bg—Int({x}) <
bg-Int(X — B) = X — B, as X — B is bg—open in X. It follows that bg—Int({x}) # bg—Int(A). This is a
contradiction to the fact that bg—Int({x}) = bg—Int(A), for any non-empty subset {x} of A. Thus Ais a

minimal bg—closed set.
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Similarly we prove all the above properties for Minimal bg—closed and Maximal-open sets.

4 bg-SEMI-MAXIMAL OPEN SETS AND bg—SEMI-MINIMAL CLOSED SETS

In this section we introduce and study the propertics of bg-semi-maximal open sets and
bg—semi-minimal closed sets.

DEFINITION 4.1: A set A in X is said to be bg—semi-maximal open if there exists a maximal
bg—open set U such that U c A < CI(U). A set A of X is bg—semi-maximal open if and only if X — A
is bg—semi-minimal closed sets. That is the complement of bg—semi-maximal open sets is called as
bg—semi-minimal closed sets.

EXAMPLE 4.2: Let X ={a, b, ¢}, T = {X, ®, {a}}.

bg—O(X) = {X, @, {b},{c},{ab},{a,c},{b,c}}. Then {a, b}, {a, c} are bg—semi-maximal open and
{b}, {c} are bg—semi-minimal closed.

REMARK 4.3: Every maximal bg—open (resp. minimal bg—closed) set is bg—semi-maximal open
(resp.bg—semi-minimal closed) set.

THEOREM 4.4: Let A be a bg—semi-maximal open set of X and A <B <CI(A), then B is a
bg—semi-maximal open set of X.

PROOF: Since A is a bg—semi-maximal open set of X, then there exists a maximal bg—open set U of X
such that U <« A <CI(U). Then U cAc B <CI(A) <CI(U). Thatis U =<cB <CI(U). Thus B is a
bg—semi-maximal open set of X.

THEOREM 4.5: Let A be a bg—semi-minimal closed set of X if and only if there exists a minimal
bg—closed set B in X such that Int(B) < A < B.

PROOF: Suppose A is bg—semi-minimal closed set of X. By definition X — A is bg—semi-maximal
open set of X. Then there exists a maximal bg—open set U such that U <X — A < CI(U). That is
Int((X —U)=X-CI(U) « A < X—U. Let B=X— U, so that B is a minimal bg—closed set in X such
that Int(B) < A < B.

Conversely, Suppose that there exists a minimal bg—closed set B in X such that Int(B) <A < B.
Hence X—B < X—A < X-Int(B) = CI(X—B). That is there exists a maximal bg—open set U = X—B such
that U < X-A < CI(U). This implies X — A is bg—semi-maximal open in X. Hence A is bg—semi

minimal closed in X.

THEOREM 4.6: Let B be a bg—semi-minimal closed set of X if Int(B) ¢ A < B, then A is also

bg—semi-minimal closed in X.
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PROOF: Let B be a bg—semi-minimal closed set of X. Then there exists a minimal bg—closed set U
such that Int(U) < B < U and since Int(B) < A < B, we have Int(U) cInt(B) cA < B cU.Thatis
Int(U) < A cU. Therefore A is a bg—semi-minimal closed set in X.

THEOREM 4.7: Let Y be any open subspace of X and A < Y . If A is a bg—semi-maximal open set
of X, then A is also a bg—semi-maximal open set of Y .

PROOF: Since A is bg—semi-maximal open set of X, there exists a maximal bg—open set U such that
U <A < CI(U). Hence U is subset of Y. Since U is maximal bg—open in X, Y n U = U is maximal
bgopeninYandU=Y nUc Y nAcY nCI((U). Thatis U < A <Cly (U). Hence A is a
bg—semi-maximal open set of Y.

THEOREM 4.8: Let A; is a bg-semi-maximal open set of X; (i = 1, 2), then A; X Ay is a
bg—semi-maximal open set of X; x Xj.

PROOF: For i = 1, 2 there exists a maximal bg—open set U; such that U; = Aj < Clxi(U;). Therefore
U; x Uy < A1 X Ay < Clxi(U1) x Clxa(U) = Clxaxxe(Us x Uy). Hence A X A; is bg—semi-maximal
open in X; X Xo.

5 CONCLUSION

In this paper the concepts of minimal bg—closed, maximal bg—closed, minimal bg—open and maximal
bg—open sets are introduced and studied. Also we studied the concepts of bg—semi-maximal open sets
and bg—semi-minimal closed sets. Many other new types of sets can be formed from this set which

may be very helpful in applied field of science and for further research work.
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