International Research Journal of Mathematics, Engineering and IT
ISSN: (2349-0322)

Impact Factor- 5.489, Volume 4, Issue 12, December 2017
Website- www.aarf.asia, Email : editor@aarf.asia , editoraarf@gmail.com

GENERALIZED DOUBLE SEQUENCE SPACE DERIVED BY USING
SUMMABILITY MATRIX AND DOUBLE SEQUENCE OF MODULUS
FUNCTIONS OVER n-NORMED SPACES

Ado Balili and Ahmadu Kiltho

Department of Mathematics and Statistics, University of Maiduguri, Borno State, Nigeria

ABSTRACT

In this paper, we introduce some double sequence spaces derived by using four dimensional
summability matrix and double sequence of modulus functions M = (M,;) over n-normed
spaces, We study some topological properties and a few inclusion relations between these

spaces.
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INTRODUCTION

The concept of 2- normed space was initially developed by Géhler [1] in the mid of 1960’s,
while that of n- normed spaces one can see in Misiak [2]. Since then, many others have studied
this concept and obtained various results, see Gunawan ( [3], [4]) and Gunawan and Mashadi [5]

and various references therein.
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Let n € N and X be a linear spaces over the field K, where K is the field of real or complex
numbers of dimension d where d = n > 2. A real valued function ||.,...,.|| on X™ satisfying

the following four conditions:
1||xq, x2, ..., x|l = 0,if and only if x4, x5, ..., x, are linear dependent in X.

2 |lxq, x5, ..., x, || is invariant under permutation

3 |laxy, x5, oo, %, |l = la|llxq, X2, ..o, X, |, fOTr any a € K
4llx +x, 2 e, x| S Mz, %2 s Xl + ||% X200, 20|
Is called a n- norm on X, and the pair (X, ||., ..., ||) is called a n-normed space over the field K.

For example, we may take X =R" being equipped with the Euclidean n- norm
lx1, x5, ..., X, [|[g= the volume of the n-dimensional Parallelopiped spanned by the vectors

X1, X7, ..., X, Which may be given explicitly by the formula
”x1!x21 ---!xn”E = |det'l‘l€:xl])|
Where x; = (x;1, Xi2, ..., Xin,) € R" foreachi = 1,2, ...,n.

Let (X, ||x1,x2, ..., x, 1) be a n- normed space of dimension d > n > 2 and {a,, ay, ..., a,} be

linearly independent set in X. Then the following function |, ...,. ||, on X™*~! defined by

11, X2, <o) Xp llo = max{|lxq, x5, ..., Xp—1, a;|l: i = 1,2, ...,n} defines on (n-1)- norm on X with

respect to {a4, a,, ..., a, }.

A sequence (x;) in a n-normed space (X, ||., ...,.||) is said to converge to some L € X if
Ili_r)g”xk —L,z1,...,2,_1|| = 0, for every zq, ..., Z,_1 € X.

A sequence (x;) inan-normed space (X, ]||.,...,.]|) is said to be Cauchy if
limk,p_,oo”xk — Xp, Z1, ...,Zn_1|| =0, for every zy,...,Z,_1 € X.

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with

respect to the n- norm. Any complete n-normed space is said to be n- Banach space.
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The initial works on double sequence is found in Bromwich [6]. Later on, it was studied by
Hardy [ 7 ], Moricz [ 8 ], Moricz and Rhoades[9], Tripathy ([10] [11]), Basarir and Sonalcan
[12] and many others. Hardy [ 13 ] introduced the notion of regular convergence for double
sequences. Quite recently, Zeltser[ 14 ] in her Ph.D thesis has essentially studied both the theory
of topological double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [ 16 ] have recently studied the statistical convergence and Cauchy
convergence for double sequences and given the relation between statistical convergent and
strongly cesaro summable double sequences, Mursaleen [9] and Mursaleen and Edely [15] have
defined the almost strong regularity of matrices for double sequences and applied these matrices
to establish a core theorem and introduce M-Core for double sequences and determined those
four dimensional matrices transforming every bounded sequence x = (x,,, ) into one whose core
is a subset of the M-Core of X. More recently, Altay and Basar [17 ] have defined the spaces
BS,BS(t),CS,,CSy,, CS, and BV of double sequence consisting of all double series whose
sequence of partial sums are in the space M, M, (t), Cy, Cy,, C, and L,, respectively and also
examined some properties of those sequence spaces as well as the a —duals of these spaces
BS,BV,CSy, and the B(v) — duals of the spaces CS,,, and CS, of double series. Now, recently
Basar and Sever [18] have introduced the Banach space £, of double sequences corresponding to
the well known ¢, of single sequences and determined some properties of the £,. The class of
sequences which are strongly cesaro summble with respect to a modulus function was introduced
by Maddox [19] as an extension of the definition of strongly cesaro summable sequences.
Cannor [20] further extended this notion to strongly A-summability with respect to a modulus
where A = (a,;) is a non negative regular matrix, using the definition Cannor established
connection between strong A-summability, strong A-summability with respect to a modulus and
A-Statistical convergence. In 1900, Pringsheim [21] presented a definition for convergence of
double sequences. Following Pringsheim work, Hamilton and Robinson [5] and [22],
respectively presented a series of necessary and sufficient conditions on the entries of A =
(amni;) that ensure the presentation of Pringsheim type convergence on the following

transformation of double sequences.

— w‘w
(AX)mn = Xk 1=0,0 G ke, 1 Xkl -
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Throughout this paper the four dimensional matrices and double sequences are of real valued
entries unless otherwise specified. Let s” denotes the set of all double sequences of complex
numbers. By the convergence of a double sequence we mean the convergence in Pringsheim
sense i.e a double sequence x = (x;) has Pringsheim limit L (denoted by P-limit x= L) provided
that given € > 0 there exists n € N, such that |x;; — L| < €, whenever k,l > n (see[21]).
We shall write more briefly as P-convergent. The double sequence x = (xy;) is bounded if there

exists a positive number M such that |x;;| < M for all k, I.

The notion of difference sequence spaces was introduced by Kizmaz [23], who studied the
difference sequence spaces L, (A), c(A) and ¢y (A). This notion was further generalized by Et
and colak [24] defined the sequence spaces I, (A™), c(A™) and cy(A™). Let m, n a non negative

integers we have the following spaces:
Z(AY) = {x = (%) € w: (Afxy) € Z}
For Z = ¢, ¢y, and l,, where
AYx = (M) = (A" — AF ' xpeqq), and A2xg = x;

For all k € N, which is equivalent to binomial representation

v
L[V
At = ) (<1 (7)1
i=0
It was proved that the generalized sequence space Z(A7), where Z = £, c or ¢y, is a Banach
space with norm defined by
llxllar = Zizq x| + suplAfx|.
Taking t = 1, we get the spaces which were introduced and studied by Et and ¢olak [24].
Taking t = v = 1, we get the spaces which were introduced and studied by Kizmaz [23].

Let X be a real or complex linear space p be a function from X to the set R of real numbers.
Then the pair (X, p) called a paranormed space and p is a paranorm for X if the following axioms

are satisfied:
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1p(0) =0
2p(—x) = p(x)
3p(x+y) <p(x)+p(y)and

4 Scalar multiplication is continuous, that is |a, — a| = 0and p(x,, — x) = 0, imply p(a, x,, —

ax— 0, for all @ 7zR and x in X. where #is the zero vector in the space X.

A paranorm p for which p(x) = 0, implies x = 0 is called total paranorm and the pair (X, p) is
called a total paranormed space. It is well known that the metric of any linear metric space is
given by some total paranorm (see [25])

A modulus function is a function M: [0, ) — [0, ) such that
1M(x) =0if and only if x = 0.

2M(x+y) < l(x)+ 4(y),Vx=0y=0.

3 M is increasing

4 M is continuous from right at 0.

It follows that M must be continuous everywhere on [0,%). The modulus function may be
bounded or unbounded. For example, if we take M (x) :ch?’ then M (x) is bounded. If

M(x) =xP,0 <p <1, then the modulus M (x) is unbounded. Modulus function has been
discussed in ([27], [28], [29]) and reference therein.

Let A = (a,, » ) denotes a four dimensional summability matrix that maps the complex double

sequence x into the double sequence Ax where mnt" term of Ax is as follows:
(Ax)m,n = Zf’;ioo Amn k1 Xk -

Let M = (M,,;) be a sequence of modulus functions and A = (am_n,k,l) be a non negative four
dimensional matrix of real entries with

00,00

sup z am,n,k,l <
11200
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Let p = (px,) be bounded sequence of positive real numbers and u = (uy ;) be any sequence of

strictly positive real numbers

Sharma and Esi [26 ] have defined and studied the double sequence defined by a sequence of
modulus functions over n- normed spaces and discussed the topological properties and inclusion

relations between these spaces.
In this paper we define the following sequence spaces: Let s > 0
(). wo(AY, A, ot u, 0,5, |-, wer, - 1)

= {x €s’: lim Z (kD) ™Suy,, lam,n,k,le,l (
m,n

kil=11

v
Ay Xy,

121y s Zpn—1

e

(ii). w (AL, A, u, p, 5, |l e 1D

0,00 v Pkl
_ v s Axy,) — L

={x €s :lim kD Sup g lamnx M | ([———— 20, ) 201
Y= p

=0, for someL,p > 0}

(ii). we (AV, A, M, u, 1,5, ., o.e - )

v
Afxp

)Pkl

= {x S S” . Sup Z (kl)_suk,l [am,n,k,le,l < < 0o,p > 0}

=11
The following inequality will be used throughout the paper.

Let p = (py;) be a sequence of positive real numbers with 0 < py; < supy; py = Hand k =
maxi(i, 27~1) Then

lag, + by [P¥ < K{lag [PH + |by |Px} (1.1)

For all k, L and ay;and by, € C. Also |a|P* < maxi{l, |a|?) forall a € C
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2. MAIN RESULTS

The following theorems will be proved in this section.

Theorem 2.1 Let M = (M,,;) be a sequence of modulus functions, A = (am,n,k,l) be a non-
negative matrix such that sup,, , Zi‘ff;’o,o Akl <, p = (pr,;) be bounded sequence of
positive real numbers and u = (uy, ;) be any sequence of strictly positive real numbers, s > 0,the
spaces wo (AL, 4, M, u,p,5, |, ..., - 1), w’ (AY,A,M,u, 5., -1 and

weo (AY, A, M, u,p, S, ||, ... ||) are linear spaces over the field of complex numbers C.

Proof. Let x = (x),y = (Vi) € wo (AV, A, M, u,p, s, ||., ...,.|]) and @, B € C. Then there exist

positive real numbers p; and p, such that

. 00,00 _s Al‘]xk,l Pkl

P —limy, , Xy 121 1 (KD Py am,n,k,le,l( — ---.Zn—1||) =0,p1>0 (2.1)
-5 Ay, Pi

= limyy, ,, 37125 1 (D) ™ uy am,n,k.sz,z( pEat ---an—1||) =0,p,>0 (2.2)

Define p; = max(ZlalpL, 2|,8|p2). Since M = (My,) is increasing, continuous and so by using

inequality (1.1), we have

Af @ X1 +BY K1) Pkl
— e I

P —limy, , 3,121 1 (kD) 5wy, [am,n,k,le,l (

alfxy +BA Yk Pil
— e 71, w0 Zy

< P —limy, 5 30720 1 (RD "y [am'"'k'le'l ( p3

A Xk, Pl
o1 221y ey Zpn—1 ||)

_ Ail:?xk,l Pkl
+KP — limy, , 3,712, 1 (kD ™Sy [am,n,k,le,l(” ~ :ZL---'Zn—1||)

< KP —limy, , 3,121 1 (kD)™ uy, [am,n,k,le,l (

- 0.

Thus ax + By € wy (AV, A, M, u,p,s, ., ...,. |]). This proves that the space is a linear space.
Similarly, we can prove that w” (A%, 4, M, u,p,s, ||, ...,. 1) and we, (AY, A, M, 1, 0,5, ., ower. D)

are linear spaces.
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Theorem 2.2 Let M = (M,,;) be a sequence of modulus functions, A = (am,n,k,l) be a non-
negative matrix such that sup,, , Z,‘ff;’o‘o Akl <, p=(pg,;) be bounded sequence of

positive real numbers and u = (uy, ;) be any sequence of strictly positive real numbers, s > 0,the

spaces wo (AL, 4, M, u,p,5, |, ..., - 1), w’ (AY,A,M,u, 5., -1 and
We, (AY, A, M, u,p, S, ||, ... ||) are complete topological linear spaces.
Proof. Let (x;,) be a Cauchy sequence in wo (AV, A, M, u,p, s, ||., ...,.|). Then, we write

g(x™ —x") =0, asr,h > o,Vm,n we have

Pkl
AYxjy —APxp
2y e I =0 (2.3)

P —1limy, , 3,121 1 (kD) ™S uy, [am,n,k,le,l (

Thus for each fixed k and lasr,h — oo,since A = (@, x,) 1S NON-negative we are granted

-

And by continuity of M = (My;) and (x ;) is a Cauchy sequence in C for each fixed k and I.

that

VAT va..h
Afxyy — Af xy

p

121y ey Zpn—1

(kD) ™S uy g [Mk,l <

Since C is complete as h — oo, we have xj; = x,; for each (k,1). Now from equation (2.3), we

have for € > 0, there exists a natural number N such that

Pkl
Afxjy —Afxp
f,zl,...,zn_l <e (2.4)

Yiiotirasn Dy, [am,n,k,le,l (

For all m,n, since for any fixed natural number M we have from equation (2.4)

20,00 VT v.h Pkl
K)-S Afxg + A xyg
(DS wiep (@ peiMict | ||——— 21 ) Zn1 <€
k,1<M,r,h>N p
For all m,n by letting h — oo in the above expression we obtain
*0,% VT v Pkl
_ Arxpy + Afxy
(kD™ wy Iam,n,k,le,l ( ———— 21, Zp1 <e€
k,I<M,r>N p

Since M is arbitrary, by letting M — oo, we obtain
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0,00

2 (kD) "Suy,, [am,n,k,le,l <
kI=141

VAT va.h
Afxyy + Afxy

121y ey Zp—1
P

e

For all m,n.Thus g(x" — x) —» Oas r — oo, this proves that a)g A7, A, M, u,p, s ., ...,. 1) is a

complete linear topological space.

Now we shall show that w (AY, 4, M, u,p, s, |l.,...,.|]) is a complete linear topological space.
For this, since (x") is also a sequence in w (AV,A,M,u,p,s,|.,..,.|I) by definition of
w (A, A,M,u,p,s, ., ..., ||) for each r there exists L" with

A?x,:l + AgLr

Pkl
) Zqy weey Zpy—q > l - 0,asm,n - oo

z (kD) Sy lam,n,k,le,l (
kI=11

Whence, from the fact that

00,00

sup Z am,n,k,l < ©
M 1=0,0

AVLT —AV LR
%”) - 0,asT,h -

From the definition of Modulus function, we have Mkl(

oo and so L” converges to L. Thus

00,00

z (kD) "5y, lam,n,k,le,l (
k=11

A}g’xk,l + L

121y ey Zp—1
pP

-

asmn - ,x €w (A, 4, M,u,p,s,|.,...,.|) and this complete the proof.

Theorem 2.3 Let M = (M,,;) be a sequence of modulus functions, A = (am_n_k,l) be a non-

negative matrix such that sup,, , X120 o Gmn ki < 0, then
(I) w,” (AgrAr M’ ul p: Sr ”r R ”) c w!o (A}])AI M; ul p: SI ”l LR A ”)
(). wg g, AM,u,p,s ., ... ) c a);(A’{,A,M,u,p,S, )

Proof. (i) Let x € w (AV, A, M, u,p,s, ., ..., |]). Then
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00,00

’ ~ Alt)xk,l Pkl
Z (kD) ™y [ @ et Mict 121y s Zn—1
Ki=11 P
00,00
- _ [ Ayxkl —L+L Pkl
= z (kD) ™Sy am,n,k,le,l< ———Z1, 1 Zn—1 ) l
KI=11 L P
00,00
! ~ B Ay.Xkl _ L Pkl
< Z (kD) ™Sy am,n,k,le,l< ———,Z1, 1 Zp-1 ) l
KI=141 L P

1 Pkl
+(kl)_suk,l[Mk,l(”Erzlr-"'zn—l”) ] Z Aokl

kil=11

Let there exist an integer m;, such that l,zl,...,zn_l <m;. Thus, we have
p

AYX,l Pl
» ,Zl,...,Zn_1||)

00,00 -
ri=1,1 (kD ™S uy [am,n,k,le,l (

s Aixy, — L PH
= (kD) ™ug g | Qo e 1 M1 Y 1 Z1y ey Zn—1
KI=11
0,00
+myuy My (1) z Amon k.l
KI=11

Since supmn Xy 1mo.0 Ay < ©, and x € w. (A7, A, M, u,p,s,l., ..., 1))

Thus, we have x € we, (AV, 4, M, u,p, s, |l., ..., . ||).This complete the proof.

(ii). It is easy to prove in view of (i) so we omit the details.

Theorem 2.4 Let M = (M,,;) be a sequence of modulus functions, A = (am_n_k,l) be a non-

My (t)
t

negative matrix such that sup,, , 31200 Gmn ki <  and g = lim,_,q, ( ) > 0, then

o (ALALD,S .,y D) = @ (A7, AM,up,s, |l o) 1)
Proof. In order to prove that

a)_” Ay, Aups ., ... D) = w.” (A7, A, M, u,p,s, ., r- 1D
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It is sufficient to show that
w_” A7, A, M,u,p,s ., ...,. 1) © w." A7, Au,p,s 1., -

Now, let g > 0. By definition of 8, we have M, (t) = B(t),V t = 0.since 8 > 0, we have

Letx € w (AY, A, M,u,p,s,|.,...,. ). Thus we have

A}’xk,l —L

Z (kD) "Suy, [am,n,k,le,l (

>Pkll

KI=11
1 0, Pkl
E Z (kD)™ ukl[amnklel< ) I

Which implies that x € o’ (AY, 4, M, u, p, S, ||., ..., . ||). This complete the proof.

v
Afxp

121y ey Zpn—1

Theorem 2.5 If A = (a,; ) has only positive entries and B = (b, ,, ;) be a non-negative

matrix such that {M} is bounded then

Amon,k,l
Weo (A, A, M, w4, D, 5, |I., oo . |1) € 0o (AY, B, M, 0, p, 5, I, ..e,.. )

Proof. It is easy to prove so we omit the details.

3. CONCLUSION

We discovered that the generalized spaces wg A7, A, M, u,p,s ., ..., 1),
w (AY,A,M,up,S ., ... |]) and we, (AV, A, M, u,p,s,|l., ...,.||) are not only linear over the
field of complex numbers but also complete topological linear spaces. More over if there are two
non negative four dimensional matrices such that under certain condition of boundedness one

space will be contained in the other space.
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