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ABSTRACT

If f(x)eZ,[x] isan irreducible polynomial, the number of polynomials g(x) with
deg(g(x)) < deg(f(x)) > (g(x), f(x)) =1 is the order of the multiplicative group of Z ,[x}/(f (X)) .
In this paper we propose a formula for this order in the case when f (x) is any primitive

polynomial. We arrive at this formula by introducing analogues x, and ¢, to Mobius and Euler

functions and ¢ defined on @Z [x], the set of all primitive polynomials in Z [x].
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1 Introduction

In the construction of cryptosystems with polynomials in Z [x] for prime p, the
quotient ring of the polynomial ring in Z [x] with an ideal generated by (f(x)), for f(x) a
polynomial in Z [x] is considered and the group of units of this quotient is taken as the message
space. In this context it is important to compute the order of this group. If f(x) is an irreducible
polynomial then Z [x]J/(f(x)) is a field and the group of units has p“ -1 elements, for
k=deg(f(x)) , [1] [211]. This group of units is given by the set
{9(x) € Z,[x]: deg(g(x)) < deg(f (x)) > (9(x), T (x)) =1}, as for any g(x) € Z,[X)/(T (X)) 9(x)
is invertible if and only if deg(g(x)) <deg(f(x))and gcd(g(x), f(x))=1.[8]

In this paper we propose a formula for the order of group of units in Z [xJ/(f (X)), for
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f(x) any primitive polynomial in Z [x], we denote this order by ¢,(f(x)) and we prove this
result for f(x) that are not irreducible as well. We develop the formula for ¢, (f(x)) by using
the analogues 4, and ¢, to Mobius function 4 and Euler function ¢ respectively.[2][3][9]
We introduce the functions ., and ¢, on ©Z [X] and prove some results relating 1, and ¢,

in the following section.

2 pu and ¢ analoguesin Z [x]:

In this section we define two functions ., and ¢, on o Z [X] that are analogues to the
arithmetical functions Mobius function z(n) and Euler function ¢(n)

2.1 u, ananalogue to Mobius functionon oZ [X]:

Definition 2.1.1 A real valued function x, on @Z [x] is defined as follows :

w1, (F () =1 if deg (f(x))=0.

If deg(f(x))>0 and f=ff,"2f%. . .f", for f(x) irreducible polynomialsin Z [x],

(-1)", ifa=a,=a,=....a, =1,
f(x)) =
4 (1) { 0 otherwise

Theorem 2.1.2 For f(x) e pZ [X] with deg(f(x))>0 we have

(1, deg(f(x)=0,
Danicots (@0 = {o, if deg(f (x))> 0.

Proof. Let f(x)e@Z,[x], then f(x) is a primitive polynomial. If deg(f(x))=0,
f(x)=ceZ,andc=0 furthernote c=1 as f(x) is primitive. therefore

> u,(d(x)=1

d I f (x)
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If deg(f(x))>0,with f=f%f%2f% f% andD isthe set of divisors of f(x)eZ [x] then
for
D, ={d(x):d(x)| f (x) and d(x) has no square irreducible factor}and
D, ={d(x):d(x)| f (x)with d(x)has a square irreducible factor}
Disgivenas{d(x) e Z,[x]:d(x)| f (x)}= D, v D, and

D, HdO)= D, (d(x)

d(x)If(x) dé?))(l)fe(g)
= > u,(d(x)

d(x)|f (x)

d(x)eDluD2
= > A0+ D, (d(x)
d(x)|f(x) d(x)|f (x)

d(x)eD; d(x)eD,

now as D, consists of the factors

1, £,(%), T, (%), Fo(X) oo (F,(X) £, (), (F(X) Fo (X))o (£, 00 T (X) 5 (X)... T (X)), we

have

D Hy(d(x)

d I (x)

=ty (D) + 12, (£,00) + o4 22, (£,00) + 22, ((£,.(X) £, () oo 422, (£,.(X) £, (X)..... (X))

=(1-1) =0

therefore Zd(x)ﬁ(x)'up(d(x)) =0if deg(f(x))>0.

2.2 ¢, an Analogue to Euler function ¢ on pZ [X]:
Definition 2.2.1 we define a function ¢, on ©Z [x] follows:
Forany f(x)e@Z,[x],

4,(f())=1 if deg(f (x))=0;

If deg(f(x))>0.
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Then ¢,(f(x)) is the number of polynomials g(x)eZ[x] such that
deg(g(x)) <deg(f(x)) and (g(x), f(x))=1.

n

Note: ¢, (f (x)) = Z 1 wherek, ={g(x) € Z,[x]: deg(g(x)) < deg(f (x))},
g0k
(00,1 ()

Theorem 2.2.2 For deg(f(x))>1 we have

deg (f(x))

USRS IACIOR e

Proof. Let k; ={g(x) € Z,[x]:deg(g(x)) < deg(f (X))}

And note if deg(f(x))=s, thenforall g(x)eZ[x] deg(g(x))<s.
we have g(x)=a,+aXx+...+a,,x"" for g eZ V0<i<s

Now as the number of k, has p° elements[8]

Possible sequences (ay,a,,a,,...,a,,) = p°

g(f)= > 1
g (x)ek¢
(9;(x), F(x))=1

S

p

= 2 1
i=1

(g; (0.1 (=1

pS

:Z Z #,(d(x))  (Bytheorem2.1.2)

i=1d (x)l(g; (), T (x)

pS

=D > 1 (d(x)
i=1d(x)lg; (x)
d(x)If(x)

pdeg (f (x))—deg (d(x))

=2, X 4l

d(X)|f (%) i=1
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pdeg (f (x))—deg (d (x))

= Z 1,0 (x) Z 1

d(x)| f(x) =
pdeg(f (x)
= Z Hy (d (X)) deg(d(x))

dqIf (x)

deg (f (x))

Therefore ¢, (f(x) =2 4, (d(x). pdeg(d(x))

Theorem 2.2.3 For deg(f(x))>0 we have
¢, (f(x)) = p“eW(X”Hg(x)lf(x)(l—W) where the product runs over the irreducible

factors of f(x).

Proof. If deg(f(x))=0 we have f(x)=c and by definition we have

X)) =@, (c) =1. On the R.H.S the product is empty and as p = p  =1. Therefore the
¢, (f(x)) =¢,(c) h he product i d wa(t0) = po herefore th
result holds for deg(f(x))=0.

Now if deg(f(x))>0 andlet f(x)=g;'.9;2...9;", Then

1
H (1 pdeg(g(X))) H(l deg(g (X)))

gl (x)

(=1)’

1
:1—2 +Z ot
L~ deg(9; () T L _deg(g. (x) _90(g; (X)) deg(0,(x)) __dea(g, ()
ip iip o p ! p Tt p T

1 (-1)
_1_2 e +Z RECIDEETR Foot o L5 3 )
i 1]

1 (-1)? (1)
‘1_2 deg (g, () +Z Gog (0, 00.9;00) T deg(g,00)-9, ()
i p i,j p p

p1,(d) pies(ied
dg(@00) ydea (TC0)

deorf oo P

1 r (d) pdeg(f(X))
— p '
- pdeg(f(x)) Z pdeg(d<x))

d()If (x)

: stp(f (X))
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e X 1
#,(f(x))=p™ . T (1——pdeg<g<x»>

g(If (x)

where the product is over g(x), irreducible factors of f(x)

Example 2.2.4 Let f(x)=x*+x+2eZ,[x],then f(x) isan irreducible polynomial

over Z, and Z,[x)/(x*+x+2) isa field with 3* elements, [4] therefore there are (3°-1)=8

invertible elements in this field,that is ¢, (f (x)) =8.

1

Now by the above formula we have ¢, (f(x))= p®*"* 'Hg(x)lf(x)(l_w)

By (X> +x+2))= 32.(1—3%)

The group of units is given as

{o(x) e Z,/(f(x)):9(x) =ax+Db;a,be Z; and (9(x), f(x)) =1}

Example 2.2.5Let f(x)=x*+2 and Z,[x], then f(x)=x’+2 isreducible over Z,
and
f(x)=x"+2=(x-1)(x+1).

Now by the above formula we have

[l X 1
#,(f(x)) = p™ . T (1——pdeg<g<x»>

901t (%)
_a2pq Lya 1

=3 (1-3)0-3)
=(3-1)(3-1)

=22
=4
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Further  given f(X)=x*+2eZ,[x] , g (f(x))=4 and note  that
{0,1,2,x,x+1,x+2,2x,2x+1,2x + 2} is the set of all elements of Z [x]/(x*+2) and the four

invertible elements are {1,2,x,2x}.

3 Conclusion:

The formula for ¢,(f(x)) gives the order of the multiplicative group Z [X]/(f(x)) for
f (x) any primitive polynomial in Z [x]; This product formula developed is quite useful in the
construction of cryptosystem with polynomial in Z [x])/(f(x)), with the group of units of the

quotient Z [X]/(f(x)) as message space.
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