International Research Journal of Mathematics, Engineering and IT
Vol. 3, Issue 10, October 2016

© Associated Asia Research Foundation (AARF)

Website: wwwe.aarf.asia Email : editor@aarf.asia , editoraarf@gmail.com

IF-3.563 ISSN: (2349-0322)

THE SPLIT COMPLEMENT LINE DOMINATION IN GRAPHS

V. Mohanaselvi , %P. Kavitha, *M. Durka devi
!Assistant Professor of Mathematics, Nehru Memorial College,Puthanampatti, Tiruchirappalli-
621 007, India.
?Assistant Professor of Mathematics, Nehru Memorial College, Puthanampatti, Tiruchirappalli-
621 007, India.
3M.Phil Research Scholar in Mathematics, Nehru Memorial College, Puthanampatti,
Tiruchirapalli-621 007, India.

ABSTRACT

Harary and Norman introduced the Line graph L(G). We introduced the Split complement line

domonation number. In this paper, we extend the Split domination concept for the complement of

line graph and defined Split complement line domination number for the graph G. Also, we

studied its graph theoretical properties in terms of elements of G.
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1.Introduction

The graph we mean G = (V, E) is a finite,
simple, undirected, and connected graph
with p vertices and q edges. Terms not
defined here are used in the sense of
Harary[1].

Line graph L(G) is the graph whose
vertices correspond to the edge of G and two

vertices in L(G) are adjacent if and only if
the corresponding edges in G are adjacent.
This was introduced by Harary and Norman
in [9].

A set DS V(G) of a graph is a
dominating set of G, if every vertex in V\D
is adjacent to some vertices in D. This

concept was introduced by Ore in [2].
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A set D < V(L(G)) is said to be line
dominating set of G, if every vertex not in
D is adjacent to a vertex in D. The line
domination number of G, is denoted by
v1(G) is the minimum cardinality of a line
dominating set. This concept was introduced

by Harary and Norman in [9].

A dominating set D € V(G) is a split
dominating set, if the induced subgraph
<V\D> is diconnected. This concept was
introduced by V.R.Kulli and B.Janakiram
in[7].

A line dominating set D € V(L(G)) is a
split line dominating set, if the induced
subgraph < V (L(G)) \ D > is disconnected.
The minimum cardinality of such a set is
called a split line domination number of G
and is denoted by vyyu(G). This was
introduced by M.H.Muddenbihal,
U.A.Panfarosh, Anil R.Sedamkar[10].

In this paper, we introduced the split
complement line domination in graphs. The
bound of this parameter was studied and its
exact values was obtained for some standard
graph.
2.MAIN RESULTS
Definition 2.1

A dominating set D of a complement line
graph L(G) is said to be a split complement
line dominating set (SCLD-set), if the

induced subgraph < V (L(G)) \D > is
disconnected. The minimum cardinality of
SCLD-set is called split complement line
domination number of G and is denoted by
Y5 (G).

Example:

Figure 1

L(G)
Figure 3

For the graph L(G) in Figure 3, the vertex
set D = {e;, e} is a yg-set and hence
vsi(G)=2.

Theorem 2.2:

For the cycle graph Cp,

(2 Jifn=4
v () _{(n—B) ifn>5

Proof:
Let G be a cycle graph with atleast 4

vertices.
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E(G)={ei, e,......... en} be the vertex and
edge set of G.
Then V (L(G)) = {ey, €z,......... en} is the

vertex set of L(G), n> 4
casei: n=4
The result is obvious.
case ii: n>5
Then D = {ey, €,......... en-3} is a SCLD-
set of G, and hence
¥a(G) < |D|=n-3
Conversely,
Suppose D is a yg-set of G. For the
disconnectedness of < V (L(G))\D>, it must
contain atleast two vertices and hence D
must contain atleast n - 2 vertices.
Hence, |[D|>n-2>n-3
Therefore,
Ys(G) =n-3
From (1) and (2), we get
vY5(G)=n-3,n>5

Example:

L(Co)

Figure

: >® cs
€3 ca

L(Ce)

Figure 6

For the graph L(Cg) in Figure 6, the vertex
set D = {e1, ey, e3} is a yg- set and hence
V51 (Ce) =3.

Theorem 2.3:

For the path graph P,

a 2 ifn=>5
ya(Pn)_{(n—él) ifn=>6

Proof:

Let G be a path graph P, with atleast 5

vertices.
Let V (G) = {vi, Vo,eurn.... , Vn} and
E(G)={e1, €2.cuvnn.... , en-1} be the vertex

and edge set of G.
Then V (L(G)) ={es, €2,.u....... , En-1} IS
the vertex set of L(G),n>5

casei:n=5
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The result is obvious.

caseii:n>6

In this case, D = {ey, e,........... , Ena} IS @
SCLD-set of G, and hence

v5(@Q) <|D|=n4 ... (1)
Conversely,

Suppose D is a yg-set of G.

For the disconnectedness of

<V(L(G))\D>, it must contain atleast two
vertices and hence D must contain atleast
n — 2 vertices.

Hence, |D|>n-2>n-4

Therefore,

v§(G)=>n4 ()

The result follows from (1) and (2).

Example

:m e V‘, & \- €3 .\/4 & ;5 es :/(. e \.7
P;
Figure 7

. = & a o e

L(P7)
Figure 8

<

L(P7)
Figure o

For the graph L(P;) in Figure 9, the vertex
set D = {e1, ey, es} is a yg -set and hence
YS_l (P7) = 3

Theorem 2.4:

For the complete bipartite graph Ky, p,

2 ifm=n=2
n ifm=2n=2
ys—l(Km'“)z m ifm#2,n=2

m—-1DMn-1) ifm>2,n>2
Proof:

Let G be the complete bipartite graphK, ,,,
m,n>2.

Let V (G) = {uy, uz,........ Um, V1,Vo,...... Vn}
And E(G) = {ujvj/ i=1 to m, j=1 to n}be the
vertex and edge set of G.

Then V (L(G)) ={uij/i=1tom,j=1to
n} is the vertex set of L(G).
casei:m=n=2

In this case, the set D = {ujvy, UiVva} IS a
SCLD-set with minimum cardinality.

Hence the result is obvious.
caseii:m=2;n#2
In this case, the set D = {uyv; / j=1,2,.....,n}
is a SCLD-set with minimum cardinality,
and <V (L(G)) \ D > is disconnected, which
gives
|ID|=n
Hence, y5(G)=|D|=n
caseiii:m#2,n=2
In this case, the set D = {ujvy/ i=1,2,....,m}
is a SCLD-set with minimum cardinality,
and < V(L(G)) \D > is disconnected, which
gives

ID|=m
Hence, y5(G)=|D|=m

caseivim>2,n>2
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In this case, the set D = {u;v;/j=1to n-1}
U{uyvj/j=1to n-1} u....... U{Um1vj/j=1
to n-1} is a SCLD-set with minimum
cardinality, and < V(L(G) \D > is
disconnected, which gives

ID| = (m-1)(n-1)
Hence,

vs(G) =D |=(m-1) (n-1)

Example

Figure 10

uvz

uvs

usvi

uwv2

Figure 11

L(Ks3)

For the graph L(Ks3) in Figure 12, the
vertex set D = {ujvy, UiVy, UpVy, UaVo} S a

Y5-Set and hence yg (Ks3) = 4.

Theorem 2.5:
For the wheel graph W,
(3 if n =34
va(Wa) _{ n—2 ifn=5

Proof:

Let G be a wheel graph W, with atleast 3

vertices.

Let V (G) = {u, vi ,vo,....., Vu} and
E(G)={e1, €, ...... , €} be the vertex and
edge set of G.

Then V (L(G)) = {e1, €,,......, ex} is the
vertex set of L(G), n>3
casei:n=3;4
The result is obvious.
caseii:n>5
In this case, D = {es, es,....... , €3} IS a
SCLD-set of G, and hence

v5(@G)<|ID|=n2 (1)
Conversely,
Suppose D is a yg-set of G.

For the disconnectedness of

<V(L(G))\D>, it must contain atleast two
vertices and hence D must contain atleast
n—2 vertices.
Hence, | D |>n-2
Therefore,
Y5 (G) >n-2
From (1) and (2), we get

v5(G) =n-2, n>5
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Example
Vi (S} V4
€6 €s
e u €4
e7 (&
v €3 V.

Figure 14
€l €g
€2 €7
C3 €6
€4 €s
L(Wa)
Figure 15

For the graph L(W,) in Figure 15, the
vertex set D = {ej, ey, es} is a yg-set and
hence yg(W,) = 3.
Theorem 2.6:
For the Bistar tree B, ,,,
Ys(Bnn) =ntl,n>2

Proof:

Let G be the Bistar tree By, N> 2

Let V (G) = {Vi, Va,....., Vopnsn)} and
E(G)={ey, ey,...... , €n+1} be the vertex and
edge set of G.

Then V(L(G)) ={ey, €x,......, €1} is the
vertex set of L(G).

Then the set D = {ejey,...... L1} IS @
SCLD-set with minimum cardinality, and
<V( L(G)) \ D > is disconnected, which
gives

ID|=n+1.
Hence, y5(G)=|D|=n+l,n>2

Example:

Figure 16

L(Bs.3)
Figure 17

L(B33)
Figure 18

For the graph L(B33) in Figure 18, the

vertex set D = {ey, ey, €3, €4} is a yg -set and

hence Ysl (B3'3)= 4,
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Theorem 2.7:
For the Crown graph C,,

3, ifn=3
Y (C’T):{Zn—S, ifn>4

Proof:

Let G be a Crown graph C,f, n > 3.

Let V (G) = {vi, Vo,....., Von} and
E(G)={eses,...... ,eon} be the vertex and
edge set of G.

Then V(L(G)) = {eiey.......eon} is the
vertex set of L(G), n>3.
casei:n=3
In this case, the set D = {ey, €3, es} is a
SCLD-set of G with minimum cardinality.
Then |D| =3
Hence the result is obvious.
caseii:n>4

In this case, the set D={e3,e4,6s,....., €203} iS
a SCLD-set of G with minimum cardinality,
and <V(L(G))\D> is disconnected, which
gives

|D] = 2n-5.
Hence, y5(G)=|D|=2n-5,n>4

Example:

Cs*

Figure 19

L(CsY)
Figure 20

Figure 21

For the graph L(CZ) in Figure 21, the vertex

set D={es,es,67,€5,89} IS @ yg -Set and hence

Y5 (C3)=5.
Theorem 2.8:
For the Comb tree P,

2 ifn=3
va(bh = {Zn —6 ifn=4
Proof:

Let G be a Comb tree Bf,n>3

Let V (G) = {vi,v...... Von} and
E(G)={eie,....... ,eon1} be the vertex and
edge set of G.

Then V(L(G))={e1.ey,........ , €1} is the
vertex set of L(G), n >3
casei:n=3
In this case, the set D={es, e,} is a SCLD-set
of G with minimum cardinality. Then,

D] = 2.
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Hence the result is obvious.

caseii:n=>4
In this case, the set D={ej,es,....... ,eon7} U
{exn-1}is a SCLD-set of G with minimum

cardinality, and <V(L(G))\D> is
disconnected, which gives
|D| =2n-7+1=2n-6.
Hence,
v5(G)=|D|=2n-6,n>4

Example:

Pt

Figure 22
€1

e i
€3 Co

€4 es

L(P4")
Figure 23
€l €7

L(Ps")

Figure 24

For the graph L(P;) in Figure 24, the
vertex set D = {ej,e7} is a yg-set and hence
v (Pi)=2.

Theorem 2.9:
For the Helm graph W,

3 ifn=2
va (W) :{Zn -3 ifn>3
Proof:

Let G be a Helm graph W,;F, n > 2.

Let V (G) ={u,ui,uz,.....,Un,V1,Vao,......Vn}
and E(G) ={es.eo,........ ,ean+1} be the vertex
and edge set of G.

Then V(L(G))= {erey,........ Lan+1} is the
vertex set of L(G), n>2
casei:n=2
In this case, the set D = {ejezes} is a
SCLD-set of G with minimum cardinality.
Then, |D|=3
Hence the result is obvious.
caseii:n>3
In this case, the set D ={ej,ez,es,...... en-1} U
{ent1,€ns2,-.-... ,eon14iS a SCLD-set of G
with minimum cardinality, and

<V(L(G))\D> is disconnected, which gives

IDl=n-1+n-2=2n-3
Hence, y5(G)= |D|=2n-3,n > 3.

Example:
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Figure 27

For the graph L(W;") in Figure 27, the
vertex set D = {ej,e;,e4} is a yg-set and
hence yg(W5")=3.
Theorem 2.10:
For the graph K},
3, ifn=3

Yﬁ(KD:{@+ 1, ifn>4
Proof:

Let G be a K;f graph, n > 3.

Let V (G) = {vi, Vva...... Von} and

E(G)={ese,...... ,enn+1) } be the vertex and
2

edge set of G.
Then V(L(G))={ey, e2,...... , enm+n } IS the
2

vertex set of L(G), n>3

casei:n=3

In this case, the set D = {eje3e6} IS a
SCLD-set of G with minimum cardinality.
Then, |D| =3

Hence the result is obvious.

caselii:n>4

In this case, the set D= {e;} U

{ean+1,€2n42,- ... ,enm+n} 1S @ SCLD-set of
2

G with  minimum cardinality, and
<V(L(G))\D> is disconnected, which gives
D=2 41

n(n—3)

Hence, y5(G)= |D|= ——+ 1,n=4.

Example:

| (& oV3

Figure 28

L(K49)

Cs Co6

Figure 29

€9

SN

Figure 30
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For the graph m in Figure 30, the
vertex set D = {ej,eq,e10} IS a yg-set and
hence v (K3)=3.

Theorem 2.11:

For the Book graph B,

(2, ifn=1
Vsl (B“)_{n, ifn=2

Proof:

Let G be a Book graph B, n > 1.

Let V (G) = {uVv,vi,vy,........ \Von} and
E(G)={e.e1€r,....... , €31} be the vertex and
edge set of G.

Then V(L(G))= {e.e1ey,....... , €3} is the
vertex set of L(G) ,n>1
casei:n=1
In this case, the set D = {e,e;} is a SCLD-set
of G with minimum cardinality.

Then, ID|=2
Hence the result is obvious.
caseii:n>2
In this case, the set D={en+1,en+2,....... , €}
is a SCLD-set of G with minimum
<V(L(G)\D> s
disconnected, which gives

ID|=n
Hence, y;(G)= |D|=n,n> 2.

cardinality, and

Example:

p
21
V2
)
u Vi
€3
€s
e €4 Ce
v €7 Va
€s A%
€9
b Vo
B3
Figure 31

es
Figure 33

For the graph L(B3) in Figure 33, the vertex
set D={esese6} is a yg-set and hence
Y (B3)=3.

Theorem 2.12:

For the Friendship graph C?fm),

(M) _ 2, ifm=2
YS'(C3 )_{m—l, ifm=3

Proof:

Let G be a Friendship graph C{™, m>2
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edge set of G.
Then V(L(G))= {ei€......, esm} is the
vertex set of (L(G), m> 2.
casei:m=2
In this case, the set D = {ei,e;} is a
SCLD-set of G with minimum cardinality.
Then,

ID|=2
Hence the result is obvious.
case ii: m>3
In this case, the set

D={e1,es.€7,...... ,3m—st IS a SCLD-set of
G with
<V(L(G))\D> is disconnected, which gives

minimum  cardinality, and

ID|= m-1
Hence,
v7(G) =|Dl=m-1,m>3,
Example:

Figure 34

L(C5%)
Figure 35
e
€9
2 es
e ¢
€7
€4 (&
L(C3%)
es
Figure 36

For the graph L(C3) in Figure 36, the vertex

set D={ei,es} is a yg-set and hence
s (C3)=2.

Theorem 2.13:
For the Triangular snake graph mCs,

2, ifm=2
Vs (mc3):{3m —7, ifm>3

Proof:

Let G be a Triangular snake graph mCs,
m>2.

Let V (G) ={viva........ Vom+1} and
E(G)={eLey,....... , €am} be the vertex and
edge set of G.
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Then V(L(G))={ewey......... 3m} is the
vertex set of L(G), m>2.
casei:m=2
In this case, the set D={e;,e4} is a SCLD-set
of G with minimum cardinality. Then
ID|=2
Hence the result is obvious.
caseii:m=>3
In this case, the set D={ej,e,€3,...... ,€2m-5}U
{e2m,€2m+1,e-. .. ,e3m-1)} I1s a SCLD-set of G
with minimum cardinality, and
<V(L(G))\D> is disconnected, which gives
Dl =2m-5+m-2
=3m-7
Hence,
vY5(G) =|D|=3m-7,m>3.

Example:

V4 €7 Vs 8 V6 © V7
3C;
Figure 37

Figure 39

For the graph L(3C3) in Figure 39, the

vertex set D={e;,es} is a yg-set and
henceyg(3C3)=2.
Theorem 2.14:
For the Dragon graph C,@P,,
Y3 Cm@Py)=m+n-4,m>3,n>3
Proof:

Let G be a Dragon graph C,@P,, m,n>3.

Let V (G) ={viva...... , Vmsn}p and
E(G)={eLez,...... , €m+n}p be the vertex and
edge set of G.

Then V(L(G)) ={eLey......, €msn} is the
vertex set of L(G).
When m,n > 3

The set D = {ej,ezes,...... , €em3}uU

{em+2,€m+3,...... , €mn} IS @ SCLD-set of G
with minimum cardinality, and
<V(L(G))\D> is disconnected, which gives

Dl =m-3+n+1

=m+n-4
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Hence, y5(G) =D|=m+n-4, mn>3

Example:

/ C:@Ps

Figure 40
el
e €6 e
e
€3 L(C;@Py)
Figure 41
€1
€2 @ ©7
€3 €6
e es
L(C:@Ps)
Figure 42

For the graph L(C;@P,) in Figure 42, the
vertex set D = {es,es,67} IS @ yg-set and
hence y5; (C3@P,)=3.

Theorem 2.15:

For the Quadrilateral snake graph mCy,

2, ifm=1
Y3 (mCy)= 3, ifm=2
4dm—7,if m =3
Proof:

Let G be a Quadrilateral snake graph mC,,
m=>1.

Let V (G) ={viva...... , Vsmsa1} and
E(G)={e.ez,...... , esm} be the vertex and
edge set of G.

Then V(L(G))={eez,........ LamHs  the

vertex set of L(G),m>1

casei:m=1

In this case, the set D ={e;,e,} is a SCLD-set

of G with minimum cardinality.
Then |D| = 2.
Hence the result is obvious.

caseii:m=2

In this case, the set D ={el,e2,e3} is a
SCLD-set of G with minimum cardinality.
Then |D| =3

Hence the result is obvious.

case iii: m>3

In this case, the set D =

{el,ez.€s,....... em+1 tU{em+6,em+7,- - ....€3mpY
{€3m+4,€3m+5,..v. ... ,eam} 1S @ SCLD-set of G
with minimum cardinality, and

<V(L(G))\D> is disconnected, which gives
Dl=m+1+2m-5+m-3
=4m-7
Hence, v;(G) = |D|=4m-7, m > 3.

Example:

Vig W Vioe V4 Viog Y

V7 €10 Vs €11 Vo en V1o

3Cy
Figure 43
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L(3C4)

(S

For the graph L(3C,) Figure 45, the vertex
set D = {e1,e2,€3, €4,89} IS @ yg-set and hence
Ya (3C4)=5.

Theorem 2.16:

For the graph K, ..,

0, ifm=n=1

) 2, ifm=1n=2
Va(Kin)=) 2 (=2 =1

mn — 1, otherwise
Proof:

Let G be a K, ,, graph, m,n > 1.

Let V (G) = {uy,uy,....,Usm,V1,Vo,..... Von}
and E(G) ={eie,,...... ,em+n,Uivj/i=1tom,
j=1ton} be the vertex and edge set of G.

Then  V(L(G) ={e1nez.......emsn,UY;
/i=1tom, j=1ton} is the vertex set of L(G).
casei:m=n=1
In this case, the SCLD does not exist.
caseii:m=1;,n=2
In this case, the set D = {e,,es} is a SCLD-
set of G with minimum cardinality.

Then, |D|=2

Hence the result is obvious.
caseiiibm=2;n=1
In this case, the set D = {e1,e,} is a SCLD-
set of G with minimum cardinality.
Then, |D|=2
Hence the result is obvious.
case iv: otherwise
In this case, the set D={e1,e,,€3,...... en1} U
{uyvj/ j=1ton-1} U {upvj/j = 1ton — 1} U ...
U {u,—1Vvilj=1ton—1}U{en+1,ens2,- . -,.€m+n-1}
is a SCLD- set of G with minimum
<V(L(G))\D> is
disconnected, which gives

D] =n-1+(m-1)(n-1)+(m-1)

=n-1+mn-m-n+1+m-1

cardinality, and

=mn-1
Hence, y5(G) =|D|=mn - 1.

Example:

K'22

c
> uiva

L(K*"22) €4 uivi

Figure 47
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L(K"22) €4 uivi

Figure 48

For the graph L(K3,) in Figure 48, the
vertex set D = {ej,esuivi} is a yg-set and
hence vg(K3)=3.

3. BOUNDS

Theorem 3.1:

For any graph G, y{ (G) <vg (G)

Proof:

As, split complement line dominating set
is necessarily a complement line dominating
set, we have

¥1(6) < vz (G)
Theorem 3.2:

For any graph G, y5(G)=vy; (G), If L(G)
contains the set of end vertices.
proof:

Let v € V (L(G)) be an end vertex and
there exists a support vertex u € N(v).

Further let D be a split complement line
dominating set of G.

Suppose u € D, then D is a yg-set of G.

Suppose u & D,then v € D and hence
(D—{v})u{u} forms a minimal yg-set of G.
Repeating this process for all end vertices in
L(G), we obtain a yg-set of G containing all

the end vertices and hence,

Ys(G)=v; (G)
Theorem 3.3
For any graph G, y5(G) < g-6(L(G))+1
Proof:

Let V be a vertex set of L(G) with
minimum degree > 2 implies there exist two
vertices v; and v, adjacent to v.

Consider the vertex set, D = {V\N(V)} U
{v1,v2}, clearly v and the vertices N(v) are
dominated by v1 and v2.

So, D is a vertex set of L(G). Also,
VAD=N(v)\{v: ,v.} which is disconnected.
Therefore,

Yii(G) < IDI=q - (§(L(G))+ 1) +2

=q-S§(L(G))+ 1

Theorem 3.4
For any graph G, y5(G)+ v4(G) < g+3.
Proof:
By theorem 3.3, we obtain
Y4(G) <q-6(L(G)) + 1 and
v5(G) < q - §(L(G))+ 1 which implies,
Y1(G)+ V41 (G) < 20-(8(L(G))+ 8(L(G))+2

.................... (1)
Since,
§(L(G))+ 8(L(G) < d(e;)+d(;), Ve; € L(G)
................. ()

where d(e;) and d(e;) are respectively
denotes degree of the vertex e; in L(G) and
L(G).

From the line graph, we have
d(e)+d(e;))=q-1 ... (3)
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Then the result follows from equation (1),
(2) and (3).

CONCLUSION

In this paper we introduced split
complement line domination number for
some standard graphs like Cycle, Path,
Complete bipartite, Wheel, Banana, Crown
graph, Comb tree, Helm graph, K,I graph,
K,f . graph, Book graph, Friendship graph,
Triangular snake graph, Dragon graph and
Quadrilateral snake graph. Also found its
bounds and studied the relationship with
other domination parameters.
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