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ABSTRACT

The main purpose of this paper is to characterize the classes
(r1(u,p,s), bs), (r1(u,p,s),cs) and (r1(u,p,s),cos) of the infinite matrices, where
bs, cs and cys denote the space of all bounded series, the space of all convergent series and the
space of series converging to zero, respectively.
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1. INTRODUCTION

A sequence space is defined to be a linear space of real or complex sequences.
Throughout the paper N, R and C denote the set of non negative integers, the set of real numbers
and the set of complex numbers, respectively. Let w denote the space of all sequences (real or
complex), 4., and c, respectively denote the space of all bounded sequences and the space of all
convergent sequences. A linear topological space X over the field of real numbers R is said to be
a paranormed space if there is a sub additive function h : X —» R such that h(8) = 0, h(—x) =
h(x) and scalar multiplication is continuous, that is , |a, —a| = 0andh(x, —x) -
0 imply h(a,x, — ax) = 0,asn — oo for all «'s in R and x s in X, where 6 is the zero vector
in the linear space X. Assuming here and after that (p,) be a bounded sequence of strictly
positive real numbers with sup, p, = Hand M = max(1,H). Then the linear space
£(p)and €., (p) were defined by Maddox [1], (see also [2], [3] and [4] ) as follows:
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() ={x=(): Xk |xp [Pk < 0} with0 < p, < H < oo.
£ ) = {x = () sup [y P+ < oo
k

which are complete spaces paranormed, respectively by

1 p iec .
9100 = [T lxc Pl and  ga(x) = supy |x | /M iff infy, p; > 0.
We shall assume throughout that p;* + t; 1 = 1 and provided 1 < infp, < H < oo.

In [5] Stieglitz and Tietz defined

cs ={x=(x): Xr=1xx) Ec} (1.1)
cos ={x=(x) : Qk=1%x) € co } (1.2)
bs = {x = () : (Thoy %) € £on } (13)

For the sequence spaces X and Y, define the set

MX,Y)={z=(z,) €Ew:xz=(xz,) €Y, forall x € X}. (1.4)

With the notion of (1.4) the a—, 8 —andy — duals of a sequence space X, which are
respectively denoted by X%, X# and X? and are defined by

X* =M(X,£,),XF = M(X,cs) and XY = M(X, bs).

If a sequence space X paranormed by h contains a sequence (b,) with the property that
for every x € X, there is a unique sequence of scalars («,,) such that

limn h(x —ZZZO akbk) = 0.

Then (b,,) is called a Schauder basis or (briefly basis) for X. The series )., a; b, which has the
sum x is then called the expansion of x with respect to (b,,), written as x = Y, a; b.

Let X and Y be a two subsets of w. Let A = (a,;) be an infinite matrix of real or
complex numbers a,,,, where n, k € N. Then the matrix A defined the A-transformation from X
into Y, if for every sequence x = (x;) € X. The sequence Ax = (Ax),, the A-transform of x
exists and is in Y, where = (Ax),, = Xk a,x X - For simplicity of notation, here and what
follows, the summation without limits runs from 0 to co. By (X, Y), we denote the class of all
matrices. A sequence X is said to be A-summable to | if Ax converges to | which is called the A-
limit of x.

For a sequence space X, the matrix domain X, of an infinite matrix A is defined as

Xy={x=(x):(Ax) € X }. (1.5)
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2. SOME BASIC DEFINITIONS AND LEMMAS
In this section we give some important definitions which shall be used in this work.
Definition 2.1 Let g = (q;) be a sequence of positive real numbers and let write

Q. = X! q; forn € N. Then the matrix R7 = (%) of the Riesz mean (R, q,,) is given by

(r1) = {g—‘; if0<k<n o
0, ifk>n
The Riesz mean (R, g,,) is regular if and only if Q,, = o0,as n — .
(See Petersen [6] and [7])
Recently, the following Riesz sequence space was introduced.

Definition 2.2 (Sheik and Ganie [8]) defined and studied the Riesz sequence space r?(u.p) of
non —absolute type by

rif(u.p)={x=(() Ew: Yo |;—nZ§§=1uqu Xy [Pk < o0}, where 0 < p, < H < oo,
Definition 2.3 (Fazlur Rahman and Rezaul Karim [9]) For s = 0, we define
o 1
riup,s) ={x=) Ew: Xy, |@Z7§=1 Uk gy X [PF < 00},
If s =0, then r?(u, p, s) reduces to r9 (u. p) which is defined and studied in [7].
Now the sequence y = (y,) is defined by
_ 1 k 29
Yk _sz'zlujqjxj (2.2)
Note the following inequality (see [10]), which will be used in this paper.
For any integer E > 1 and any two complex numbers a and b we have
la.b| < E(|a|* E~t + |b|P) (2.3)
Lemma 2.1 ([9], Theorem 1.1)
The Riesz sequence space 7 (u.p, s) is a complete linear metric space paranormed by
—(ye L yn Py
g(x) = (Zn=| o k=1 Ui qx Xic|PF) /M.
Lemma 2.2 ([9], Theorem 2.1). Let 1 < p, < H < oo, forevery k € N.

Define the sets D; (u, p, s)and D, (u, p, s) as follows:
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Dy(u,p,s) = Ugs1{a = (a;) € w: super 2 | Znew(—l)n_k%QiHE_lPk <o} (24)

D,(w,p,s) = Ngsi{a= (a) € w: Xy IA(a—")Qi“E‘ll“‘ <o

and (( QS+1E Dt € £,,} 25)

Then,

[rq (u! D, S)]a = Dl (u’ p, S) and [rq (u, p, S)]ﬁ = [rq (u, D, S)]y = DZ (u, D, S)

Lemma 2.3 ([9], Theorem 2.2): Let 0 < p, < 1. for every k € N. Define D;(u,p,s) and
D,(u,p,s) as

D3;(u,p,s) = { a = (a;) € w:supsup| Tpen(=1"* f—;Qi“E_llp" < oo} (2.6)
nef k nin

a = (a,) € w: sup“]A Qs+1E 1Pk < oo

Dy(u,p,s) = (2.7)

and sup| QS“E 1Pk < oo

Then,
[r(w,p,$)]* = D3(u,p,s) and [r7(w,p,5))’ = [r?(u,p,s)]" = Dy(,p, 5).
Lemma 2.4 ([9], Theorem 3.1)

(i)Let1 <p, <H < o, forevery k € N. Then A € (r?(u,p,s), %) if and only if there exists
an integer E > 1 such that

U(E) = sup, X | A2 QP ET! | < oo (2.8)
and
Ank s+1 1Nt
G QG ETD™ €y (2.9)

(i) Let0 <p, <1,foreveryk € N.Then A € (r?(u,p,s), %) if and only if
supfJA 2 QSHE1 Pk < o0 (2.10)
n Upqp

Lemma 2.5 ([9], Theorem 3.2). Let 1 < p, < H < oo, forevery k € N. Then A € (r?(u,p, s),
c¢) if and only if conditions (2.8) and (2.9) hold, and there is a sequence of scalars («; ) such that

lim, Af—';Q,ﬁl = B (2.11)
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Lemma 2.6 ([9], Corollary 3.1). Let 1<p,<H<o, for each k € N. Then
A € (ri(u,p,s),cy) if and only if the conditions (2.8), (2.9) hold and (2.11) holds with g, = 0,
foreach k € N.

3. MAIN RESULTS

In this section we characterize the matrix classes (r9(u,p,s),bs),r%(u,p,s),cs),
and r?(u,p, s), cys). We shall prove the following results.

Theorem 3.1 (i) Let 1 < p, < H < oo, for every k € N. Thend € (r?(u,p,s), bs) if and only
if there exists an integer B > 1 such that

supy, ZklAJ:—qkai“B_lltk <o,n € N. (3.1)
and
supi??]iuaLk Qit'B71|t < o0,n € N. (3.2)
k kqk
(if) Let 0 <p, <1,foreveryk € N.Then A € (r?(u,p,s), bs) if and only if

SupifA = Qs+1|Pk < oo (3.3)
n

Uk gk

Proof. Let us define the matrix E = (e,;) by e, = a(n, k) for all n € N, consider now
equality derived from the n; mth partial sum of the series .7 i aj x; as m — oo,

Z? Zk Qi X = Zk Cnk Xk foralln,k € N.

Therefore , bearing in mind the fact that the space bs and ¢, are linearly isomorphic, one can
easily see that Ax € bs whenever x € r?(u,p,s) if and only if Ex € £,,, whenever x €

ri(u,p,s).

Moreover, let A € (r?(u,p,s), bs). Then A, (x) = Y an, x; exists for x € r?(u, p,s) and this
implies that (a,;,) € [r?(u,p,s)]? forevery n,k € N. So by lemma 2.1, the necessities of (3.1)
and (3.2) hold.

Sufficiency. Suppose the conditions (3.1) and (3.2) hold.

Form,n € N, consider the equation

Tiy e = TR A () QF y + 2 05y (33)

Uk Gk Umdm

when m — oo, then from (3.3) we have

i @t = 2 A (225) 05 (3.4)

Ukqk
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Using inequality (2.3) and (3.4)

Ank
sup| D" @yl < sup Y 1A (<) 5+l
Tok=t =Lt

< Bsupa [y 18 () QB0 + Ty Iy I74]

<BUB)+g{(y) <o
This shows that A € (r?(u, p, s), bs).
(ii) The proof of the second part is similar to that of the part (i ). Therefore it is omitted.

Theorem 3.2: Let 1 < p, < H < oo, forevery k € N. Then A € (r?(u,p,s), cs) if and only if
(3.1), (3.2) hold and there is a sequence of scalars («;) such that

lim,, Aa;l qo”‘QsJr1 By foreveryn.k € N. (3.5)

Proof. Necessity Suppose A€ (r?(u,p,s),cs) and 1<p, <H <o, Then the A-
transformation of 77 (u, p, s) exists and belong to cs. Hence, (a,;) € [r9(u,p,s)]?. By Lemma (
2.1), the necessities of (3.1) and (3.2) hold. For the necessity of condition (3.5), we take for each

fixed k, a sequence x*) = (x,(lk)(q)) inr9(u,p,s) with

x®(q) = (=" unqn, ifksn<k+1
0, if0<n<korn>k+1

Then for each k € N, we have Ax* € c¢s, which shows that

an—Qk

(A QS“) € c. This proves the necessity of the condition (3.5).

Sufficiency. Suppose that the conditions (3.1), (3.2) and (3.5) hold. Then for x € r?(u, p, s), we
have (a,;) € [r?(u,p,s)]? for each nand so Ax = ¥, a,,; x) exists.

Forevery m,n € N, we have

m
Z|A< le)QS+lB 1|pk <SUPZ|A QS+1B 1|Pk
Urq
k=1
Letting m,n — oo, together with (3.1) and (3.5) give
D | A== Qi BT Pr < oo (3.6)
UkGk

Also by letting n — oo, we have from (3.2) that
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(“LC’; Q1B 1Pk € £, which leads together with (3.6) that
Ukqk

(ax) € D,(u,p,s). Thus the series Y., a;x; converges for every x € r(u,p, s).

Writing a,;, — «a, for all a,;, we have from (3.4)

s (e — ) = Xy A (22 gptly, (3.7)

Ukqk

Comparing this with lemma (3.4) with g, = 0, forall k € N.
We get the matrix (A (%) Qi nken € (2(P), co)
Thus, by (3.7) we get
limy, Y (ane — a)x = 0 (3.8)
Now, by combining (3.8) with the above results on can see that Ax € cs. Hence the proof.

Theorem 3.3 Let 1 < p, < H < oo, forevery k € N. Then A € (r?(u,p,s), cys) if and only if
conditions (3.1), (3.2) hold and (3.5) also holds with 8, = 0 for each k € N.

Proof. This may be proved using similar argument as in the above theorem (Theorem 3.2) and
therefore omitted.

4. CONCLUSION

Recently, several authors defined and studied Riesz sequence space r7(u,p) of non absolute
type. Furthermore, many generalizations of the above sequence space were introduced such as
ri(u,p,s) and characterization of the classes (r%(u,p,s),?x), (r?(u,p,s),c) and
(r1(u,p,s),cy) were equally obtained by (Fazlur Rahman et al [9]). In this paper , we
characterized the classes of the infinite matrices (r?(u,p,s),bs), (r?(u,p,s),cs) and
(r1(u,p, s), cys) as our main results. There is room for more characterizations.
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