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ABSTRACT
In this paper we introduce the notions of Strong Ternary Gamma Semiring (STT -
Semiring). We prove that may result. We establish some relationship between the

idempotent for both the addition and ternary multiplication. We prove in the case STT -

Semiring, that the set of ternary multiplicative idempotent; E!!(T)is closed under the ternary

multiplication and so (T,I,+,[ ]) is an orthodox ST I" -Semiring.
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Introduction:

The ring of integers has a great role in the theory of rings. The ternary operations are
used to study the static hazards in combinational switching circuits by means of a suitable
ternary switching algebra. The ternary operations appear also in the study of Quark model to

explain the non-observability of isolated quarks as a phenomenon of algebraic confinement.
1. STT -Semiring:

Definition 1.1: Let T and I" be two additive commutative semi groups. T is said to be a

Strong Ternary I'-Semiring or simply called STT -Semiring if there exist a mapping from

TxIxTxIT to T which maps (X, @, X,, B, %) — [Xxax,8%] satisfying the conditions:
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i) [[aabst]ydde] = [aabstyd] s] = [aabslcrddr]]

i[(a + b)acs] = [aac] + [bac]

iii) [a(b + c)pd] = [aab] + [aac/tl]

iv) [aabAlc + d)] = [aabt] + [acbstl]

V) [aabpc]=[cpbaalforalla, b, c,de Tand &, 4, y; JET.

Definition 1.2: A non-empty subset W of a strong ternary I'-Semiring T is a strong ternary
sub I'-Semiring if and only if W+ W € W and WIT'WI'W < W.

Definition 1.3: A non-empty subset | of a STT -Semiring T is a left (resp. Lateral, right) ST
I' -ldeal of T if and only if I is additive sub semi group of T and TITIl I
(resp. TTITT I, ITTIT ).

Definition 1.4: A non-empty subset | of a ST I"-Semiring T is a STI -ldeal of T Provided |
is left, lateral and right STT -Ideal of T.

Definition 1.5: An element x of a STI"-Semiring T is said to be ternary multiplicatively

regular if there exist yeT and «, f T such that xayfBx=x and yaxfy=y. Then the

element y is called a ternary multiplicative inverse of x.

Definition 1.6: An element x of a STI"-Semiring T is said to be additively regular provided

there exist yeT suchthat x +y+x=xandy + x +y =y. Then the element y is called

additive inverse of x.

Definition 1.7: A STTI -Semiring T is said to be additive (resp. Ternary multiplicative)
inverse ST I"-Semiring provided every element of T has a unique additive (resp. Ternary

multiplicative) inverse.

Definition 1.8: Let T be an additive inverse ST I" -Semiring and a’ denotes the unique inverse
of a. We say that T satisfies the conditions (P), (Q) or (R) forall a,beT and «, BT

1. (P) aa(a+a)pa=a+a’, 2.(Q) acapf(b+b)=(b+b)aapfa=aa(b+b")pa
3. (R) a+ax(b+b)pa=a.
Definition 1.9: Let T be a STT -Semiring. We denote by E*(T) = {aeT /a+a=a}the set

of additive idempotent and by E''(T)={eeT,a, fcI'/eaepe=e}the set of all ternary

multiplicative idempotent.

Note that E*(T) is a ternary multiplicative ST T -Ideal of T.
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2. Inverses in ST T -Semiring:

Theorem 2.1: Any STT" -Semiring T satisfies the medial law: for all p.,q,,r €T

(p.Ip,I'p; )T (q L0, g,)(LIIT,) = (plalp, )T ( o I, )T (rTa,IT,)

Proof: forall p;,q,,r, €T we have

(PIP,Ips ) T(q,Tq,Tq)T(KIT,I) = p,T'[ p,Ipy[(q,I'q,1'a,) | T(RIT,IT,)

= P, [(P,IPsT0,)T'q,I°q,) | T(RIEIr) = py [(4,0P,Tp,)TG,Ig,) | T(rIr,Ir,)
= (P, [, )T (p,I'a,I'a,) I (RIrI) = (p,la Iy )IT P, I, I (IR I, )IT, ]
=(pLa )P, I, I(rRIhIg) ] = (Pl I p)I(p,I'g,I'r)I(RIa,IT)

Theorem 2.2: Let T be an additive inverse STI'-Semiring

1) IfeeEN(T)and ¢’ € EL(T), thene=¢

2) ee EN(T), then ¢’ e E(T)and e + ¢’ € ELY(T)

3) ENMUret!mret!(m) c EY(T) and in this case T is called a STI-Orthodox

Semiring.
Proof: 1) e’ =eTeTe' =elele =esoe=¢".
2) eTeTe =eTeT(e'+e+e') =eTeTe +eTeTe+eTeTe and
eTeTe+eTeTe +eTeTe=eTeT(e+e' +e)=eTeTe. Therefore eTeTe is an additive

inverse of eTeTe’. Here T is additive inverse STI'-Semiring (eTeTe') =eTeTe. In other
hand eTeTe=eT(e'+e+e)e=eTeTe+eTele+eTeTe and then (eTeTe) =elele’ .
Using the unicity, (eTeTe) =eTeTe= (el'el'e") . Finally using same expression, we have
(eTele) = (€TeTe) but as e e ELI(T) ' = (eI'el'e) =eTeTe’ and hence e’ e E! /(T)and
(e+e)+(e+e)=(e+e +e)+e'=e+¢
3) i, j, k € E 1(T) from theorem 2.1,

(iMjTK)C (I TK)T(TTK) = (iNiCK)T( )T GIKTK) = (RCK)DEGTKTK) = iNC(KE )Tk
— iMiC(MTK)TKTk = (iCiC)T{T(KCKTK) = Mk
Therefore iTjT’k € EX(T). Hence EN(MIEN(MIEN(T) < EH(T).

Theorem 2.3: Let T be a STI-Semiring. If a',b’,c'eT denotes additive inverse of a, b, ¢

then a'Tb'Tcis an additive inverse of aThTc'.

Proof: aTbTc+aThTc +aThTc=aTbT(cI'cT'c)=aTbTc and
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aTbTc'+aTbhTc+aTbTc =aTbT(cTclc’)=aTbTc'.
Therefore aTb'Tcis an additive inverse of aTh'Tc'.

Corollary 2.4: Let T be an additive inverse STI-Semiring. Then for any element a, b, ¢

in T, the following conditions are hold:
1) aTbTc = al'bTc'= aThIc
2) (arbl'c)=aTbI'c=al'bTc=alrbIc

Proof: 1) As proved in the theorem 2.3, we can show that al'b'T'c’ and aTh'T'care also two
additive inverses of aTh'T'c’ and the conclusion follows from the uniqueness of additive

inverse of any element of T.
2) Proof is trivial.

Corollary 2.5: Let T be an additive inverse STI-Semiring. Then for any element ain T,

the following conditions are hold:
1) @)=@)
2) (a+a'+a) =a +(a) +a
Proof: 1) (a*) I'a’' I'(a*)' =[[[a*Tal'a*]']] =[[[a*]]] =[a*] by using uniqueness. In the
other hand a' I'[a*] T'a’ =[[[al'a*T"a]' ] =[[[a]'1] =a’. Therefore, the result follows.
2) (a+a'+a)*=a*=a*+(a’)*+a* from the previous equality.

Theorem 2.6: 1) If T be a STI-Semiring and T satisfies the conditions (P) and (R), then

for any additive inverse x" € T, we have x+ X+ X' =X.
2) If in addition x € EH(T) and it has a ternary multiplicative inverse then 3x = x.

Proof: 1) From (R), we have x+ XI'(x+x)I'x=x. But from (P) as xI'(x+ X)I'x=x+X", we

deduce that x+X['(Xx+ X)I'X = X+ (X+ X)) = x+ X+ X" and hence x+x+ X' =X.

2) From (R) we also have
X=X+ X[(X+X*) X < X+ XDXTX+ XIX*TX = X+ XDXEX+ X = XPXIX =X =3X = X,

Since XI'XI'x =X and hence 3x = x.

Definition 2.7: Let T be a STT-Semiring and A be a subset of T. We define
Al :{t eT/tTTTsc E*(T),Vr,se A}

A" :{t eT/rMtI'sc E"(T),Vr,se A}
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A :{teT/rFsth E*(T),Vr,se A}

Theorem 2.8: Let T be a STT-Semiring and | be a subset of T, then E*(T) < I'NI™N1I".

Proof: Let a € E'(T) and b, ¢ € I, then (aI'bI'c)+ (al'bI'c) = (a+a)I'bI'c =alblc
and (bI'cl'a) + (bI'cl'a) =bI'cl'(a+a)=bIcl'a.
Similarly, (crralr'b)+(cl'al'b) =cl'(a+a)l’b=clal'b.

Therefore, al’bl'c c E*(T), bI'cTac E*(T)and clal’b c E*(T), finally ael'NI™N1".

Definition 2.9: A STI'-Semiring T is said to be a cyclic STI-Semiring if in the definition 1.1,
the condition (V) is replaced by (V)" al'bl'c=bI'cl'a=clal'b.

Theorem 2.10: Let T be a cycle STI'-Semiring. If A is a left STI'-1deal, then
DTITIA c A" TITTA c A" 2)ATTIT c A, ATTIT c A™.
Proof: Let ac A', t,t'eT andx,y € A, then
XLyI'(trt'Ta) =alrxr(yIrtrt") =arxr(trtTy) , since A is a left STI-ldeal and hence
trtTyc A andas ae A',xe AthenalX['(y[tI't) c E*(T) and sotltTac A".
Again xI'(tI'tTa)l'y = (xItr't)rary =aryr’(xrtrt’) =aryr(trtrx), since A is a left STT-
Ideal and hence tI'tTx— A and as ac A',y € A, then al'y['(t[t'Tx) — E*(T) and so
tI't'Tx < A" and hence TI'TTA' ¢ A™.
Now let ae A", t,t'eT and x,y € A, then
(artrt)['x'y = xryr'(artrt’) = (xtyra)rtrt’
=[xTyl'a+ xryral'tr't’ = (artr't)I'xry + (al'tr't)I'xI'y
Since ae A" and then xI'yTac E*(T). Finally, (al'tl't)c A'.

Again, x['(al'tr't\I'y = (al'tr't)I'yl'x = yI'xI'(al'tl't")
= (yIxra)l'tlr't' = (yI'xra+ yr’xra)r'trt’
= (altr't)Iyrx + (artrt)ryrx

Since ae A" and then yI'xlTac E*(T). Finally, (al'tl't"yc A™. Therefore ATTIT < A".

Theorem 2.11: Let T be a cyclic STI-Semiring. If + is commutative and A is a ternary

T-ideal, then AN A™N A" is a ternary I'-ideal.

Proof: Let be ANA"NA" t,t'eT andx,y el .
(bI'tI't")['xI'y + (bI'tI't )Xy = XLy (bI'tI't") + XCy(bItI't")
= (XCyIb)I'tlrt’ + (xCyrb)I'tl't’ = [(x'yI'b) + (XCyTb)TtTt’
= (XTyI'b)I'tI't’ = xCyr(bI'tI't") = (bI'tr't)rxry
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Since x['YI'b < E*(T). Then bItrt’ < A =

XLy (bI'tl't") = (bt )[xI'y = @Ct'TX)Cylb =tIt'T (xC'yI'b)
= tI't'(xryI'b+ xI'yr'b)

Since xXIYI'b < E*(T). So xI'y['(bI'tI't") = E*(T) and hence bI'tI't' < A" — (2).

Now X['(b[tIt)Ty = yIXT(bItIt") = (yIXTh)[tTt' . Since yIXxI'b < E*(T). Therefore,
XC(bI'trt)YI'y c ET(T) and hence bI'tl't’ < A" —>(3)

From (1), (2) and (3) we have (A'NA"NA)ITITc A NA"NA".

In the other hand, as for all be AN A" N A", t,t'eT one has tI't'Th=bItI't’ and using the
previous facts we get TTTC(A'NA"NA) =(A' NA"NAITITc A NA"NA".

Now let x,y e ANA"NA" anda,be A. Then

(x+y)'al’'b+(x+y)al'b=xI"al'’b+ yI'al’b+ x'al’b + yI'al'b
=(x'al'b + xI"al'b) + (yI'al'b + yI'al'b)
=xlal'b+ ylral'b

Since x,y e A'and hence x+ye A", with the same arguments we can easily prove that
x+yeA" and x+yeA". Finally, ANA"NA"+ ANA"NA'CANA"NA",

Remark 2.12: It is clear that if in addition, T has a ternary multiplicative identity say 1, then

TITO(AANA"NA)=(ANA"NA)TIT=ANA"NA".

Theorem 2.13: Let T be a ternary multiplicative inverse STI-Semiring. If xe EH(T) ,

then x*=x and hence x*< E'(T).

Proof: For every x e EH(T), we have

(XIOXIX)T (X *IXEX)TC(XEXTX) = XEXTT(XEX * TX)IXTC (XEXTX)]

= XIXT[XTXT (XIXITX)] = XIPXT[XTXIX] = XIXTX.
In the other hand;
(X*IXDX)C(XOXEX)C (X *IXEX) = X * DXC[(XEXDX) DX (XEXEX)] = X *TXC(XEXEX) = X *TXEX
So the ternary multiplicative inverse of XI'XI'x is x*I'XI'x but as XI'XI'x = x and X is the
unique ternary multiplicative inverse of a then X" = x*I'XI'X..

With the same considerations we can easily prove that XI'x*I'x and XI'XI'x* are
ternary multiplicative inverses of xI'xI'x and by the uniqueness of any ternary multiplicative

inverse, we get (XIXIX)*=XIX*I'x=xIXI'x*=x*IxI'x. But XI'x*I'x=x and then
X*=xXIX*I'x=X.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

6|Page




Theorem 2.14: Let T be a STI-Semiring. If each element has a multiplicative inverse

then for all a,b,ceT; c*I'b*I"'a* is a ternary multiplicative inverse of al'bI'c, where
a*,b*,c* are respectively some ternary multiplicative inverses of a, b, c.
Proof: Ifa, b, c €T and a*,b*,c* are as required, then

(arbre)f'(c*I'b*ra*)r'(alr’bl'c) =alr’bl'[cl’(c*I'b*I'a*)"(al'bI'c)]
=al'bl[cI'c*I'(b*T'a*Ta)l’bI'c)]=albI'fcI’'c*I[cI'bl'(b*T'a*I"a)]
=albl'(cl'c*I'c)['bI'(b*Ta*Ta)]=albl[cT'bI'(b*Ta*Ia)]
=albI[(cI'bI'b*)'a*T"a]=albI'Tal'a*I"(cI'bI'b*)]= (al'bI'a)["a*I"(cI'bI'b*)
=(cI'bI'b*)["a*T'(al'bl"a) = (cI'bI'b*)["(a*T"al'b)'a)
= (cI'bI'b*)I"(blrara*)ra=cl(bl’b*I'b)'(al'la*I'a) = cl'bl'a = al'bIc.

In the other hand by replacing a,b,c,a* b*,c* respectively by c* b* a*c,b,a in the
previous relation we have (c*I'b*Ta*)["(al'bI'c)['(c*T'b*T'a*)=c*T'b*Ta*.
So c*I'b*I'a* is an inverse of al'bIc.

Definition 2.15: Let a be an element of a STI-Semiring T, we define the powers of x as:

(XD)?x=xIXI'x, (XD)*x=xIXIXTx, (XI)*"x=(xI)*"*xIx foralln>1.

Theorem 2.16: Let T be a STIr-Semiring. If X is an inverse of x then
X*IX*T(XI)*x = XDXIx* and for all n>2; x*Ix*T(xX0)*"x = (XI))*"x .
Proof: for all x €T, we have

X*IX*T(XD)? X = (X *IX*TX)IXCX = (XDX*TX*)IXTX = XDX*T(X*TXIX)
= XIX*T(XIXDX*) = (XDX*IX)IXEX* = XXX ™

In other hand x*I'x*T(XI')* x =[x *I'x*T'(XI")* XI'XI'X] = XXX *TXI'X
= XI'(XIX*TX)Ix = XXX = (X)X
And so by induction for any n>2,

X*TX*T(XD)?" X = x *IX*T(XD)?" ' x = (XI) > XI'x = (XI')*" x

Theorem 2.17: Let T be a STI-Semiring. If X" is an inverse of x and n is such that n>1

for odd natural number n; then xe E*(T) = (xXI')*’xc E*(T) & (xI)*" c E*(T).
Proof: The first implication is trivial. For the equivalence; since (xI')*x < E*(T) and

(XD)?"2 x4+ (XT)*"2x = [(XT)*™* + (XI')*"™]xIx. The direct implication can then be done by

induction on n >1.
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The converse can be done by a decreasing induction: In one hand we have (xI')*" < E*(T).
In the other hand, suppose that (XI')*" " *xc E*(T) V1< p<2n-5 then;

(XD)2" P23 XX + (XD)2" P2 XIX = X *TX*T(XC)?" P X 4+ X *Tx*T(XT) " P x
=X *TX*T[(XT)?" P x] = (XI)*" P2 x.

So by taking P = 2n — 5, we get (xI')*’x < E*(T).

Theorem 2.18: If T is a cycle STT-Semiring then;

1)foralln>1,x,yandz€ T,

(XO)*"XD(YD)*" yI(20)*" z = (xTYLz) D (XCYT2)T(XD) ™ T(z0)*" T (yD)* *y]l -~ (S)

2) If X is a ternary multiplicative inverse of x then (x*I')*'x* is a ternary

multiplicative inverse of (xI')*"x.

Proof: Since T is a cycle STI-Semiring; (al')*"a =(al)*"'al'a =alal'(al)*"“a then
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(XT)2" XD (yI) 2" yT(z) 2" z = [XDXT(XT) 22 X]T[yCyr(yl) 2" 2y 20zl (21)*" 2 2]
= XDXC[((XT)*" 2 )T [yTyT (yT)*"* y]T 22T (21)*" 2 2]
= XDXI[((XD)*" 2 )LYLy)C((yD)*"? y)[(zl2l(2l)*" )]
= XDXT[(yL(XD)*" 2 XTy) T (yI)?" 2 yI(2Izl0(20)*" 2)]
= (XDXCY)C[(XD)*" 2 XPy(yI)? 2y (Il (20) > z)
= (XCYDX)[yL(y0)*? yI(xD)*"* X]C (202l (20)*" 2)
= (XCyDX)LYL[(yD)* 2 yr(X0)*" 2 X[z [Tzl (2) "2 2)
= (XCyDX)TYI [zl (20)*"* 2T [(yT)*"* yI(xT)*"* xT'z]]
= [(XCyIX)TyLz](z0)* 2 z0[(yI)*" 2 yI(xT)*" *xT'Z]
= [(XCYTX)TyCz]C(z0)*" 2 2l [z (yI)?" 2 yI['(xT)*" %]
= [XDYI(zDXCy)C(z0) 2" 2 2 [z (yI) 2" 2 yI'(XT)?" % x]
= [(XCyTz2)TXDY]T(z0) 2" 2 2T [z (yI) 2" yT'(xI) " 2x]
= (XCyLz)[[XTyL(z0)* 2 2020 (YD) 2 yT'(xT)*"*x]
= [(CYTZ)DXTYL (2D 220 (YD) yD(xD)*" 2 x]

= [((XCyTz)DXTy)C(20)?" 2 20z (yT) ™ 2 yI (X)) %
= [2D((xTyTz)IXTY)E(20)*"* Z]0(yr)* yIr(x0)*
= z[((XCYTZ)IXCY)L[(z0)*" 220 (yT) > 2 yI(xT)*" % X]
= zZD(XCYLZ)L[XCYI[(z0)*" 2 2 (yT)*"* yT(xI) ™" x]]
= (ZIXCY)CzI[XCy[(z0)?" 2 (yr)?" 2 yI'(xI)*" 2 x]]

= (XCYLz)Lzl[XTYT[(20)*" 20 (yI)*"* yr (x0)*"*x]]
= (XCyIz)I(zDXCY)C[(z0)*" 2 2 (yI) "2 yIT'(X)*" 2 X]
= (XTyTz)[(XTYTZ)T[(z)*" 2 20 (yT)*"* yI(xT)*"*x]
= (XCYTZ)L(XEYTZ)I[(X0) " XD ()" 2D (yT) " y]

2) By induction on n >1 and by replacing in the equality (S), y, z respectively by x*,x. We

get forn = 1: (XD)2XD(x*T)? x*T(XT)? X = (XX * TX)TC (XX * TX)T(XTXX*)
| = XIXT(XIX*T'X) = XXX = (X)X

Suppose that (XI')*" *XC'(x*T)*"*x*I'(xI")*"*x = (xI')*"*x, then

((XD)*"X)C((X*T)?"x*T((XT)?" X) = (XTX*TX)C(XOX*TX)C((XD) " X)C((X*T)?" 2 x*T((XI)*"* X)
= XIXT((XT)*" 2 X)T((x*T)*" X *T((XT)*" 2 X) = XIXC((XT)*" 2 X) = (XO)*" 2 XXX = (XI')*" X.
Theorem 2.19: Any ternary multiplicative inverse of an element of a STI'-Semiring is

unique.

Proof: Let X, y be two ternary multiplicative inverses of an element a €T. Then

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

9|Page



x = xI'al'x = XxI'(al'yr'a)['x = x['al'(yI'al'x) = xI'al'(x'al'y) = (xI'al’x)[Cal'y = xI'al'y and by
inverting x in y and vice-versa we get y=yl'al'x and since xI'al'y =yl'al'’x. We get the

uniqueness of the multiplicative inverse.
Conclusion: In this paper mainly we studied about Strong ternary I"-semirings.
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