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ABSTRACT

The purpose of this paper is to define and study a new class of sets called Nano (1,2)*
generalized-semi closed sets in nano bitopological spaces. Basic properties of nano (1,2)*
generalized semi closed sets are analyzed. Also the new Characterization on Nano (1,2)*
generalized-semi spaces are introduced and their relation with already existing well known

spaces are also investigated.
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1.INTRODUCTION

In 1970, Levine[13] introduced the concept of generalized closed sets as a
generalization of closed sets in topological spaces. While in 1987, P.Bhattacharyya et.al.,[2]
have introduced the notion of semi generalized closed sets in topological spaces. In 1990,
S.P.Arya et.al.,[1] have introduced the concept of generalized semi closed sets. In 1975,
S.N.Maheshwari et al.,[14] have defined the concepts of semi separation axioms. The notion
of nano topology was introduced by Lellis Thivagar[7]. In 1963, J.C.Kelly[9] initiated the
study of bitopological spaces. Mean while in 1987, Fukutake[6] introduced generalized

closed sets and pairwise generalized closure operator in bitopological spaces. In 1989,
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Fukutake [7] introduced semi open sets in bitopological spaces. In 2014 K.Bhuvaneswari et
al.,[4] have introduced the notion of nano semi generalized and generalized semi closed sets
in nano topological space . In this paper, the concept of new class of sets on nano
bitotpological spaces called nano (1,2)* generalized semi closed sets and the characterization
of nano (1,2)* generalized semi spaces are introduced. Also study the relation of these new
sets with the existing sets.

2.PRELIMINARIES

Definition:2.1 [12] A subset A of a topological space (X,7)is called a semi open set
if Accl[Int(A)]. The complement of a semi open set of a space X is called semi closed set in

X.

Definition:2.2 [2] A semi-closure of a subset A of X is the intersection of all semi

closed sets that contains A and it is denoted by scl(A).

Definition:2.3 [2] The union of all semi open subsets of X contained in A is called

semi-interior of A and it is denoted by sInt(A).

Definition:2.4 [2] A subset A of (X,7)is called a generalized semi closed set (briefly

gs closed) if scl(A) cU whenever AcU and U is open in X.

Definition:2.5 [8] A space (X,7) is called T, space, if and only if, each pair of

distinct points x, y of X, there exist a open set containing one but not the other.

Definition:2.6 [8] A space (X,7)is called T, space, if and only if, each pair of
distinct points x, y of X, there exists a pair of open sets, one containing X but not y, and the
other containing y but not x.

Definition:2.7 [14] A space (X,z) is called semi - T, (briefly written as s-T,), if and
only if, each pair of distinct points X, y of X, there exist a semi open set containing one but

not the other

Definition:2.8 [14] A space (X,7)is called semi-T, (briefly written as s- T,), ifand

only if, each pair of distinct points x, y of X, there exists a pair of semi open sets, one

containing X but not y and the other containing y but not x.
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Definition:2.9 [11] If (U, 7 (X)) is a nano topological space with respect to X where
X cU and if AcU, then

e The nano interior of the set A is defined as the union of all nano open subsets
contained in A and is denoted by NInt(A). NInt(A) is the largest nano open subset of A.

e The nano closure of the set A is defined as the intersection of all nano closed sets
containing A and is denoted by Ncl(A). Ncl(A) is the smallest nano closed set containing A.

Definition:2.10 [11] Let (U, 7 .(X)) be a nano topological space and AcU . Then A

is said to be

e Nano semiopen if A< Ncl[NInt(A)]
e Nano semi closed if NInt[Ncl(A)]c< A

NSO(U,X), NSC(U,X) respectively denote the families of all nano semi open, nano

semi closed subsets of U.

Definition:2.11 [4] If (U, 7 (X)) is a nano topological space with respect to X
where X cU and if AcU, Then

() The nano semi-closure of A is defined as the intersection of all nano semi closed
sets containing A and it is denoted by Nscl(A). Nscl(A) is the smallest nano semi closed set

containing A.

(i) The nano semi-interior of A is defined as the union of all nano semi open subsets
of A contained in A and it is denoted by NsInt(A). NsInt(A) is the largest nano semi open
subset of A.

Definition:2.12 [4] A subset A of (U, 7. (X)) is called nano generalized-semi closed

set (briefly Ngs closed) if Nscl(A) =V whenever AcV and V is nano openin (U, 7 (X)).

Definition:2.13 [6] Let (X, 2-112) be a bitopological space and AcU . Then A is said

to be

e (1,2)* Semiopenif Ac Tl,ZC|[Tl,2|nt(A)]

e (1,2)* Semi closed if 7, Int[7, cl(A)]< A
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(1,2)*SO(X), (1,2)*SC(X) respectively denote the families of all (1,2)* semi
open, (1,2)* semi closed subsets of X.

Definition:2.14 [7] If (X,7,,) is a bitopological space with respect to X and if
Ac X, then
()The (1,2)* semi-closure of A is defined as the intersection of all (1,2)* semi closed

sets containing A and it is denoted by -, ,scl(A). 7 ,scl(A) is the smallest (1,2)* semi

closed set containing A.

(i) The (1,2)* semi-interior of A is defined as the union of all (1,2)* semi open

subsets of A contained in A and it is denoted by Z-lvzslnt(A). Z-lvzslnt(A) is the largest

(1,2)*semi open subset of A.

Definition:2.15 [7] A subset A of (X, Tl,z) is called (1,2)* generalized-semi closed
set (briefly (1,2)* gs closed) if 7 scl(A)cU whenever AcU and U is (1,2)* open in

(X’T1,2)'

Definition:2.16 [5] A subset A of (U’TR (X)) is called nano (1,2)* semi-

generalized closed set (briefly N(1,2)*sg-closed) if N 2'1,250| (A)) <V whenever AcV

and V is nano (1,2)* semi open in (U’TRU(X))

3. NANO (1,2)* GENERALIZED -SEMI CLOSED SETS

In this section, the definition of nano (1,2)* generalized semi closed sets are
introduced and studied some of its properties.

Definition:3.1[5] Let U be the universe, R be an equivalence relation on U and

TR () =Ulr g () 7 g OO where 7,(X) ={U,¢, L, 0)U ((X). By(X)} and

X cU . Then ¢ (X) satisfies the following axioms:

e Uand ® e (X)
e The union of the elements of any sub-collection of z_(X) isin z_(X)

e The intersection of the elements of any finite sub collection of 7 (X) isin 7 (X).
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Then (U,Z-R (X)) is called the nano bitopological space. Elements of the nano

C
bitopology are known as nano (1,2)* open sets in U. Elements of [z' R1 2(X)] are called

nano (1,2)* closed sets in 7, (X).
Example:3.2 [5] Let U ={a,b,c,d} with U /R ={{c}.{d}.{a,b}}
X;={a.c} and 7 (X)={.¢{c}{ab.c}{ab}}
X,={b.d}and 7o (X)={U,¢{d}.{ab,d}.{ab}}
Then 7, () ={U, #{Gh{B{a th{ah G{ab d} which are (12)* open sets.

The nano (1,2)* closed sets = {U, ¢,{c},{d}.{c,d}.{a,b,c},{a,b,d}}.

Definition:3.3 [5] If (U’TR (X)) is a nano bitopological space with respect to X

where X <cU and if AcU , then

(1) The nano (1,2)* closure of A is defined as the intersection of all nano (1,2)* closed

sets containing A and it is denoted by Nz-lych(A). NTl,ZCI(A) is the smallest nano

(1,2)* closed set containing A.

(i) The nano (1,2)* interior of A is defined as the union of all nano (1,2)* open

subsets of A contained in A and it is denoted by Nz-lyzlnt(A). Nz-lvzlnt(A) is the largest

nano (1,2)* open subset of A.
Definition:3.4 [5] A subset A of (U’TR (X)) is called nano (1,2)* semi open set if

A< Nz, cl[Nz, Int(A)]. The complement of a nano (1,2)* semi open set of a

space U is called nano (1,2)* semi closed set in (U’TRM(X)) :

Definition:3.5 [5] If (U’TR (X)) is a nano bitopological space with respect to X

where X <cU and if AcU , then
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(1) The nano (1,2)* semi-closure of A is defined as the intersection of all nano (1,2)*

semi closed sets containing A and it is denoted by Nz _scl(A). N scl(A) is the

smallest nano (1,2)* semi closed set containing A.

(if) The nano (1,2)* semi-interior of A is defined as the union of all nano (1,2)* semi

open subsets of A contained in A and it is denoted by Nz _sInt(A). Nz sint(A) is the

largest nano (1,2)* semi open subsets of A.

Definition:3.6 A subset A of (U’TR (X)) is called nano (1,2)* generalized-semi

closed set (briefly N(1,2)*gs-closed) if Nz scl(A)) =V whenever AcV and V is

nano (1,2)* openiin (U, 7 (X)).

Example:3.7 Let U ={a,b,c,d} with U /R ={{c}.{d}.{a,b}}
X, ={a,ctand 7o (X)={U,4{c}{ab,c}{ab}}
X, ={b,d} and 7 (X)={U,¢,{d}.{a,b,d}.{a,b}}

Then TR (X) =4, ¢,{c},{d}.{a,b},{a,b,c} {a,b,d}} are (1,2)* open sets.

The nano (1,2)* closed sets = {U, ¢,{c}.{d}.{c,d}.{a,b,c}.{a,b,d}}.

The nano (1,2)* semi closed sets = {U, 4,{c}.{d}.{a, b}.{c, d}{a,b,c}.{a,b,d}}

The nano (1,2)* semi open sets = {U, ¢,{a,b, d}.{a, b, c}{c,d}.{a, b}.{d}.{c}}

The nano (1,2)* semi-generalized open sets are

{U, ¢.{aH{b}.{c}.{d}.{a,b}.{a,c}.{a,d}.{b, c}.{b,d}.{c,d}.{a,b,c},

{a,b,d}.{a,c,d}.{b,c,d}} .

The nano (1,2)* semi-generalized closed sets are

{U., ¢.{a{b}.{c}.{d}.{a,b}.{a,c}.{a,d}.{b, c}.{b,d}.{c,d}.{a,b,c},

{a,b,d}.{a,c,d}.{b,c,d}}.
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The nano (1,2)* generalized-semi open sets are
{U, ¢.{aH{b}.{c}.{d}.{a,b}.{a,c}.{a,d}.{b, c}.{b,d}.{c,d}.{a,b,c},
{a,b,d}.{a,c,d}.{b,c,d}}
The nano (1,2)* generalized-semi closed sets are
{U, ¢.{aH{b}.{c}.{d}.{a,b}.{a,c}.{a,d}.{b, c}.{b,d}.{c,d}.{a,b,c},
{a,b,d}.{a,c,d}.{b,c,d}}.
Remark:3.8 Every nano (1,2)* semi-generalized closed set is a nano (1,2)*

generalized-semi closed set. In Example 3.7, all nano (1,2)* semi-generalized closed sets are

nano (1,2)* generalized-semi closed sets.

Remark:3.9 The converse of the above Remark 3.8 is need not be true. In Example

37, let A={a}cV,V ={ab,c,d}, Visnano (1,2)* open. Nz, cl(A)={a,b}<V . Now
Nz-l,zscI(A) ={a,b} < Nz-l,ch(A) . f NT1,2C|(A) <V, then

Nz-lyzscI(A) - NTl,ZCI(A) .

Theorem:3.10 Let (U’TR (X)) be a nano bitopological space. If a subset A of a nano
bitopological space (U’TR (X)) is nano (1,2)* closed set in (U,z-R (X)), then A'is a
nano (1,2)* generalized-semi closed set in (U’TR (X)).

Proof: Let A be a nano (1,2)* closed set of Uand AcV , Visnano(1,2)* open in U.
Since A is nano (1,2)* closed, Nz, cl(A)=A. So, AcV and Nz cl(A)=A imply

Nz, cl(A) =V . Also, Nz scl(A) = Nz, cl(A) implies Nz, scl(A) =V ,AcV

V is nano (1,2)* open in U. Therefore, A is a nano (1,2)* generalized-semi closed set.
Theorem:3.11 Let (U’TR (X)) be a nano bitopological space. If a subset A of a
nano bitopological space (U’TR (X)) is nano (1,2)* semi closed set in (U,z-R (X)), then

A'is anano (1,2)* generalized semi closed set in (U’TR (X)).
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Proof: Let A be a nano (1,2)* semi closed set of U and AcV , V is nano (1,2)* open

in U. Since A is nano (1,2)* semi closed, Nz-lyzscI(A):A. So, AcV and
Nz-llzscI(A)zA imply Nz-llzscI(A)gV. Also,AcV, V is nano (1,2)* open in U.

Therefore, A is a nano (1,2)* generalized-semi closed set.

Remark:3.12 The converse of the above Theorem 3.11 need not be true. In the

Example 3.7, let A={a,c,d} be a nano (1,2)* generalized-semi closed set. Here

Nz-l]zscI(A) cV whenever AcV, Visnano (1,2)* open in U. Hence A={a,c,d}cU isa
nano  (1,2)*  generalized-semi  closed set. Now Nz cl(A)=U and
Nz, Int(Nz, cl(A))=U ¢ A which implies that the set A={a,c,d} is not a nano (1,2)* semi

closed set.

Theorem:3.13 Let A be a nano (1,2)* generalized-semi closed subset of

(U’TRM(X))- If AcBc Nz-lyzscI(A), then B is also a nano (1,2)* generalized-semi closed
subset of (U, TRLZ(X)) :

Proof: Let V be a nano (1,2)* open set of a nano (1,2)* generalized-semi closed
subset of TRM(X) such that BcV. As Ac B, impliess AcV. As A is a nano (1,2)*
generalized-semi  closed  set, Nz-l’zscI(A) cV. Given Bc Nz-lyzscI(A), implies
Nz, scl(B) = Nz, scl(A). As Nz scl(B) = Nz, scl(A) and Nz scl(A)cV, implies
Nz, scl(B) =V whenever BCV and V is nano (1,2)* open. Hence B is also a nano (1,2)*

generalized-semi closed subset of (U, 7. (X)).

Theorem:3.14 Let A be a nano (1,2)* generalized-semi closed set in (U, 7. 2(X)) . Then

Nz-lyzscI(A) — A has no non-empty nano (1,2)* closed set.

Proof: Let A be nano (1,2)* generalized semi closed set in (U, 7, 2(X)) and F be a
nano (1,2)* closed subset of Nz-lyzscI(A)— A.Thatis, F c Nz-lyzscI(A)—A. Which implies
that F < Nz, scl(A)NA" . Thatis F =Nz scl(A) and F c A°. F c A" implies that

Ac F° where F°© isanano (1,2)* open set. Since A is nano (1,2)* semi generalized closed,
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Nz, Scl(A)c F®. Thatis F [Nz, scl(A)]°. Thus F < Nz, scl(A)N[N 7, scl(A)]° =¢.
Therefore F=¢.
Theorem:3.15 Let A be a nano (1,2)* generalized semi closed set in (U, 7. Z(X)) .

Then A'is nano (1,2)* closed if and only if, Nz, scl(A)— A is nano (1,2)* closed set.

Proof: Let A be a nano (1,2)* generalized semi closed set in (U, 7, Z(X)). If Ais

nano (1,2)* closed, then N z-l]zscl(A) —A=¢, which is a nano (1,2)* closed set.

Conversely, let Nz scl(A)—A be nano (1,2)* closed. Then by the above Theorem 3.14
Nz-lyzscI(A)—A does not contain any non-empty nano (1,2)* closed set. Thus,

Nz, Scl(A)—A=g¢. Thatis, Nz, scl(A)=A. Therefore A is nano (1,2)* closed.

4. CHARACTERIZATIONS ON NANO (1,2)* GENERALIZED-SEMI SPACES

In this section some new characterizations of Nano (1,2)* generalized-semi spaces are

introduced and studied some of its properties.

Definition:4.1 If (U ’TRIZ(X)) is a nano bitopological space with respect to X

where X cU and if AcU, Then

()The nano (1,2)*generalized semi closure of A is defined as the intersection of all

nano (1,2)* generalized semi closed sets containing A and it is denoted by Nz gscl(A).

Nz, ,gscl(A) is the smallest nano (1,2)* generalized semi closed set containing A.

(i) The nano (1,2)* generalized semi interior of A is defined as the union of all nano

(1,2)* generalized semi open subsets of A contained in A and it is denoted by Nz-lyzgslnt(A)

N lezgslnt(A) is the largest nano (1,2)* generalized semi open subset of A.

Definition:4.2 [5] A space (U, 7. 2(X)) is called nano (1,2)*-T, (briefly written as
N(1,2)*-T,), if and only if, each pair of distinct points X, y of TRLZ(X)’ there exist a nano

(1,2)* open set containing one but not the other.
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Definition:4.3 [5] A space (U,Z-Ru(X)) is called nano (1,2)* semi -T, (briefly
written as N(1,2)*s-T,), if and only if, each pair of distinct points X, y of Z-RM(X), there
exist a nano (1,2)* semi open set containing one but not the other.

Definition:4.4 A space (U’TRLZ(X)) is called nano (1,2)* generalized semi-T,
(briefly written as N(1,2)*gs-T, ), if and only if, each pair of distinct points x, y of TRLZ(X)’
there exist a nano (1,2)* generalized semi open set containing one but not the other.

Remark:4.5 Every nano (1,2)* semi-T, space is nano (1,2)* generalized semi-T,

space since every nano (1,2)* semi open set is nano (1,2)* generalized semi open set but

converse is not true.
Theorem:4.6 If  in any nano bitopological space (U,z. (X)), nano (1,2)*
generalized semi closures of distinct points are distinct, then TR (X)is nano (1,2)*

generalized semi- T,

Proof: Let XYeTq (X), x=y imply Nz-lﬁzgscl{x};t Nz-l'zgscl{y}. Then there

exists a point z TR (X) such that z belongs one of two sets, say Nz, ,gscl{y}but not to

Nz, ,0sc{x}. If suppose that z e Nz, ,gsc{x}, then ze N gscl{y}= Nz, gscl{x},
which is contradiction. So, ye X — Nz-llzgscl{x}, where X — Nz-lvzgscl{x} is nano (1,2)*

generalized semi open set which does not contain x, This shows that X is generalized semi-T,

Theorem:4.7 In any nano bitopological space (U, 7. 2(X)) , nano (1,2)* generalized

semi closures of distinct points are distinct.
Proof: Let X,y e TRLZ(X) with x = y. To show that Nz-lvzgscl{x};t Nz-lyzgscl{y}
Considered the two sets Nz ,gsci{x}and Nz gsc{y} in TRl,z(x)' Then there exists a

point ZE'Z'RIZ(X) such that z belongs one of two sets, say Nz gscl{y}but not to
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Nz, ,0sc{x}. If suppose that z e Nz, ,gscl{x}, then ze N gscl{y}<= N, gscl{x},

which is contradiction. Hence Nz, gsci{x}= Nz gscl{y}.

Definition:4.8 A space (U,Z-Rl (X))is called nano (1,2)* generalized semi-T,

(briefly written as N(1,2)*gs- T,), if and only if, each pair of distinct points x, y of X, there

exists a pair of nano (1,2)* generalized semi open sets, one containing x but not y, and the
other containing y but not x.
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