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ABSTRACT

In this paper, we define new class of functions namely sbg — continuous functions and
sbg — open maps and we prove some of their basic properties. Also, we introduce a new class
of sbg — homeomorphisms and we prove some of their relationship among other
homeomorphisms. Throughout this paper f- (X,;t) — (Y,0) is a function from a topological
space (X,t) to a topological space (Y,0).
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1. INTRODUCTION

In 1963, N.Levine[9] introduced semi-open sets in Topology and studied their
properties. Andrijevic[2] introduced one such new version called b-open sets in 1996.
N.Levine[10] introduced the concept of generalized closed sets and studied their properties in
1970. By considering the concept of g-closed sets many concepts of topology have been
generalized and interesting results have been obtained by several mathematician.
M.K.R.S.Veerakumar[21] defined g-closed sets in 2003. Also, R.Subasree and
M.Mariasingam[17] introduced bg-closed sets in 2013. We introduced sbg-closed sets[4]and
studied their properties in 2015. K.Balachandran et al[7] introduced the concept of
generalized continuous maps in Topological spaces.

These concepts motivate us to define a new version of maps namely sbg — continuous,
sbg — open maps and sbg — homeomorphisms. Also, we prove some properties of these
functions and establish the relationships between sbg — homeomorphisms and other
homeomorphisms.
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2. PRELIMINARIES

Throughout this paper (X, 1) (or simply X) represents topological spaces on which no
separation axioms are assumed unless otherwise mentioned. For a subset A of (X,t1), CI(A),
Int(A) and A°® denote the closure of A, interior of A and the complement of A respectively.

We are

giving some definitions.

Definition 2.1: A subset A of a topological space (X,1) is called

PowbdE

a semi-open set[9] if A < CI(Int(A)).

an a-open set[6] if A < Int(CI(Int(A))).

a b-open set[2] if A < CI(Int(A)) U Int(CI(A)).
a regular open[13] set if A = Int(CI(A)).

The complement of a semi—open (resp.o—open, b—open, regular-open) set is called semi-
closed (resp.a—closed, b—closed, regular-closed) set.

The intersection of all semi-closed (resp.a-closed, b-closed, regular-closed) sets of X
containing A is called the semi-closure (resp.a-closure, b-closure, regular closure) of A and is
denoted by sCI(A) (resp.aCl(A), bCI(A), rCI(A)). The family of all semi-open (resp. a-0pen,

b-open,

regular-open) subsets of a space X is denoted by SO(X) (resp. aO(X), bO(X), rO(X)).

Definition 2.2: A subset A of a topological space (X,1) is called

1)

2)
3)
4)
5)
6)
7)
8)
9)

a generalized closed set (briefly g-closed)[11] if CI(A) < U whenever A c U and U
is open in X.

a sg-closed set[5] if SCI(A) < U whenever A < U and U is semi-open in X.

a gs-closed set[3] if SCI(A) < U whenever A < U and U is open in X.

a gb-closed set[1] if bCI(A) < U whenever A — U and U is open in X.

a rb-closed set[12] if rCI(A) < U whenever A < U and U is b-open in X.

a g*b-closed set[23] if bCI(A) < U whenever A c U and U is g-open in X.

a g-closed set[19] if CI(A) < U whenever A — U and U is semi-open in X.

a bg-closed set[17] if bCI(A) < U whenever A — U and U is g-open in X.

a sbg -closed set[4] if SCI(A) < U whenever A c U and U is bg-open in X

Definition 2.3: A function f: (X,1) — (Y,0) is called a

O N O~ WN R

continuous[21] if £~1(V) is closed in X for every closed set Vin Y.
a-continuous[6] if f~1(V) is a-closed in X for every closed set V in Y.
b-continuous[6] if £~1(V) is b-closed in X for every closed set V in Y.

regular continuous[12] if £~1(V) is regular closed in X for every closed set V in Y.
sg-continuous[18] if £ ~1(V) is sg-closed in X for every closed set Vin Y.
gs-continuous[7] if £ ~1(V) is gs-closed in X for every closed set V in Y.
gb-continuous[24] if f~1(V) is gb-closed in X for every closed set V in Y.
g*b-continuous[24] if £~1(V) is g*b-closed in X for every closed set V in Y.
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9. rb-continuous[12] if f~1(V) is rb-closed in X for every closed set Vin Y.
10. bg-continuous[19] if f~1(V) is bg-closed in X for every closed set V in Y.

Definition 2.4: A function f: (X,1) — (Y,0) is called a

open map[21] if (V) is open in (Y,o) for every open set V in (X,1).

o —open map[6] if f{V) is a — open in (Y,o) for every open set V in (X,1).

b — open map[6] if f(V) is b — open in (Y,o) for every open set V in (X,7).

regular open map[12] if (V) is regular open in (Y,o) for every open set V in (X,1).
sg — open map[18] if f(V) is sg — open in (Y,o) for every open set V in (X,1).

gs — open map[7] if f(V) is gs — open in (Y,o) for every open set V in (X,1).

gb — open map[24] if f(V) is gb — open in (Y,0) for every open set V in (X,1).
g*b — open map[24] if f(V) is g*b — open in (Y,0) for every open set V in (X,1).
rb — open map[12] if f(\V) is rb — open in (Y,0) for every open set V in (X,1).

10 bg - open map[19] if f{V) is b§ — open in (Y,o) for every open set V in (X,1).

©oN A WNRE

Definition 2.5: A bijection f: (X,1) — (Y,0) is called a

homeomorphism[21] if f is both continuous map and open map

b — homeomorphism([6] if f is both b — continuous map and b — open map

gs — homeomorphism[7] if f is both gs — continuous map and gs — open map

gb — homeomorphism[24] if f is both gb — continuous map and gb — open map
g*b — homeomorphism[24] if f is both g*b — continuous map and g*b — open map
bg — homeomorphism[9] if f is both bg — continuous map and bg — open map.

ok wdE

Definition 2.6: A function f: (X,t) — (Y,o0) is said to be bg — irresolute function if the inverse
image of every bg-closed set in (Y,o) is bg-closed in (X,1).

Remark 2.7: The family of all sbg — open subsets of a space X is denoted by sbg-O(X). The
family of all sbg — closed subsets of a space X is denoted by sbg-C(X).

3. sbg-CONTINUOUS AND sbg — IRRESOLUTE FUNCTIONS
We introduce the following definitions.

Definition 3.1: A map f: (X,1) — (Y,0) is said to be sbg — continuous map if the inverse
image of every closed set in (Y,0) is sbg-closed in (X,7).

Examplel 3.2: Let X =Y ={a,b,c}

1=1{X, ¢, {a}, {b}, {ab}, {a,c}} andc={Y, ¢, {a}, {a.b}}
Define a map f: (X,1) — (Y,0) by f{a) = a, f(b) = Db, f(c) =c.
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Then f is sbg-continuous, since the inverse images of closed sets {c},{b,c} in (Y,o) are
{c},{b,c} respectively which are sbg-closed in (X,1).

Definition 3.3: A map f: (X,t) — (Y,0) is said to be sbg — irresolute map if the inverse
image of every sbg-closed set in (Y,0) is sbg-closed in (X,7).

Examplel 3.4: Let X =Y ={a,b,c}

1={X, ¢ {a}, {b}, {ab}} ando={Y, ¢, {a}, {b.c}}

Define a map f: (X,1) — (Y,0) by f(a) = a, f(b) = Db, f(c) = c.

Then f is sbg-irresolute map, since the inverse images of sbg-closed sets {a},{b,c} in (Y,o)
are {a},{b,c} respectively which are sbg-closed sets in (X,1).

Proposition 3.5:

a) Every continuous map is sbg - continuous.

b) Every a — continuous map is sbg — continuous.

c) Every regular continuous map is sbg — continuous.
d) Every rb — continuous map is sbg — continuous.

Proof:

a) Letf: (X,t) — (Y,0) be continuous. Let V be a closed set in (Y,0). Since f is continuous,
f1(V) is closed set in (X,t). By Proposition 3.4 in [4],f ~1(V) is sbg-closed set in (X,T).
Therefore, fis sbg — continuous.

b) Let f: (X,1) — (Y,0) be a - continuous. Let V be a closed set in (Y,o). Since fis o -
continuous, f~1(V) is a - closed set in (X,t). By Proposition 3.7 in [4], f~1(V) is sbg-
closed set in (X,t). Therefore, f'is sbg — continuous.

c) Letf (X,1) — (Y,0) be a - continuous. Let V be a closed set in (Y,o). Since f is regular
continuous, f~1(V) is regular closed set in (X,t). By Proposition 3.9 in [4], f~1(V) is
sbg-closed set in (X,t). Therefore, fis sbg — continuous.

d) Let f (X,1) — (Y,0) be rb - continuous. Let V be a closed set in (Y,o0). Since fis rb -
continuous, f~1(V) is rb - closed set in (X,t). By Proposition 3.19 in [4],f ~1(V) is sbg-
closed set in (X,1). Therefore, f'is sbg — continuous.

The following examples show that the converse of the above proposition need not be true.
Example 3.6:

a) LetX=Y={ab,c}, t={X ¢, {a}} and o = {Y, ¢, {a}, {a,b}, {a,c}}. Let f: (X,1) —
(Y,o) be the identity map. Since the inverse image of a closed set {b} in (Y,o) is {b}
which is sbg — closed but not closed in (X,1), f'is sbg — continuous but not continuous.

b) LetX=Y ={ab,c}, 1={X, ¢, {a}, {c}, {a,c}, {b,c}} and 6 = {Y, ¢, {a}, {b,c}}. Define
a function f: (X,1) — (Y,o0) by f(a) = b, f(b) = a, f(c) = b. Since the inverse image of a
closed set {a} in (Y,0) is {b} which is sbg — closed but not a - closed in (X,1), f'is sbg —
continuous but not o — continuous.
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d)

Let X =Y = {ab,c}, = {X, ¢, {a}, {b}, {ab}, {a,c}} and 6 = {Y, ¢, {b}}. Define a
function f: (X,t) — (Y,0) by f(a) = b, f(b) = a, f(c) = c. Since the inverse image of a
closed set {a,c} in (Y,0) is {b,c} which is sbg — closed but not regular closed in (X,7), f
is sbg — continuous but not regular continuous.

Let X=Y = {a,b,c}, 1= {X, ¢, {a}, {b}, {a,b}} and 6 = {Y, ¢, {a}, {a,b}, {a,c}}. Define
a function f:(X,t) — (Y,0) by f(a) = a, f(b) = b, f(c) = c. Here, sbg — closed set in X are
X, o, {a}, {b}, {c}, {a,c}, {b,c}, and rb — closed set in X are X, ¢, {a,c}, {b,c}. Since the
inverse image of a closed set {b} in (Y,o) is {b} which is sbg — closed but not rb - closed
in (X,7), fis sbg — continuous but not rb — continuous.

Proposition 3.7: "

o a0 o

Every sbg — continuous is b — continuous.
Every sbg — continuous is sg — continuous.
Every sbg — continuous is gs — continuous.
Every sbg — continuous is gb — continuous.
Every sbg — continuous is g*b — continuous.
Every sbg — continuous is bg — continuous.

Proof:

a)

b)

d)

9)

Let f: (X,r) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,o). Since f is sbg -
continuous, f~1(V) is sbg - closed set in (X,t). By Proposition 3.11 in [4],f (V) is b -
closed set in (X,1). Therefore, fis b — continuous.

Let f: (X,r) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,o). Since f is sbg -
continuous, f~1(V) is sbg - closed set in (X,t). By Proposition 3.13 in [4], f ~1(V) is sg -
closed set in (X,1). Therefore, f'is sg — continuous.

Let f: (X,1) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,0). Since f is sbg -
continuous, f~1(V) is sbg - closed set in (X,t). By Proposition 3.15 in [4], f~1(V) is gs -
closed set in (X,1). Therefore, f'is gs — continuous.

Let f: (X,1) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,0). Since f is sbg -
continuous, f~1(V) is sbg - closed set in (X,t). By Proposition 3.15 in [4], f~1(V) is gs -
closed set in (X,1). Therefore, f'is gs — continuous.

Let f: (X,1) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,o). Since f is sbg -
continuous, £~ (V) is sbg - closed set in (X,t). By Proposition 3.17 in [4], f (V) is gb -
closed set in (X,t). Therefore, fis gb — continuous.

Let f: (X,1) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,o). Since f is sbg -
continuous, £ (V) is sbg - closed set in (X,t). By Proposition 3.21 in [4], f (V) is g*b
- closed set in (X,t). Therefore, f'is g*b — continuous.

Let f: (X,1) — (Y,0) be sbg - continuous. Let V be a closed set in (Y,o). Since fis sbg -
continuous, f~1(V) is sbg - closed set in (X,t). By Proposition 3.23 in [4], f (V) is bg -
closed set in (X,t). Therefore, fis bg — continuous.

The following examples show that the converse of the above proposition need not be true.
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Example 3.8:

a)

b)

d)

Let X =Y ={a,b,c},

1={X, ¢, {a}, {b,c}} and o = {Y, ¢, {a}, {a,b}}.

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c.

sbg-C(X) = {X, ¢, {a}, {b,c}},

b-C(X) = {X, ¢, {a}, {b}, {c}, {a.b}, {a.c}, {b.c}}

Since the inverse image of a closed set {c} in (Y,o) is {c} which is b — closed but not sbg
- closed in (X,7), fis b — continuous but not sbg — continuous.

Let X =Y ={a,b,c},

t={X, ¢, {c}, {ab}} and 6 = {Y, ¢, {a}, {b}, {a,b}}.

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) = c.

Sbg-C(X) = {X’ (I)’ {C}’ {a’b}}!

sg-C(X) = {X, ¢, {a}, {b}, {c}, {a,b}, {a.c}, {b.c}}

Since the inverse image of a closed set {b,c} in (Y,o) is {b,c} which is sg — closed but
not sbg - closed in (X,1),f is sg — continuous but not sbg — continuous.

Let X =Y ={a,b,c},

1={X, ¢, {b}} and o = {Y, ¢, {a}}.

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c.

Sbg-C(X) = {X’ (I)’ {a}’ {C}! {a,C}},

gs-C(X) = {X, ¢, {a}, {c}, {a,b}, {a,c}, {b,c}}

Since the inverse image of a closed set {b,c} in (Y,o0) is {b,c} which is gs — closed but
not sbg - closed in (X,1), f is gs — continuous but not sbg — continuous.

Let X =Y ={a,b,c},

1=1{X, ¢, {a}, {a,b}} and 6 = {Y, ¢, {a}, {b}. {a.b}, {a.c}}.

Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) = c.

Sbg-C(X) = {X, (I)’ {b}’ {C}! {b,C}},

gb-C(X) = {X, ¢, {b}, {c}, {ac} {b.c}}

Since the inverse image of a closed set {a,c} in (Y,o) is {a,c} which is gb — closed but
not sbg - closed in (X,1), f is gb — continuous but not sbg — continuous.

Let X =Y ={a,b,c},

1={X, ¢, {a}, {b,c}} and 6 = {Y, ¢, {a}, {a,b}, {a,c}}.

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) = c.

sbg-C(X) = {X, ¢, {a}, {b,c}},

g*b-C(X) = {X, ¢, {a}, {b}, {c}, {a.b}, {ac} {b.c}}

Since the inverse image of a closed set {b} in (Y,o) is {b} which is g*b — closed but not
sbg - closed in (X,7), fis g*b — continuous but not sbg — continuous.

Let X =Y ={a,b,c},

1=1{X, ¢, {c}, {a,b}} and 6 = {Y, ¢, {a}}.

Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) =c.

sbg-C(X) = {X, ¢, {c}, {a.b}},

bg-C(X) = {X, ¢, {a}, {b}, {c}, {a.b}, {ac} {b.c}}

Since the inverse image of a closed set {b} in (Y,o) is {b} which is bg — closed but not
sbg - closed in (X,1), f'is b§ — continuous but not sbg — continuous.
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Proposition 3.9: If f: (X,t) — (Y,0) is a semi — continuous map if and only if f is a sbg —
continuous map.
Proof: Let V be a closed set in (Y,5). Since f is semi-continuous, then f~1(V) is semi-closed
in (X,t). By proposition 3.6 in [4],f (V) is sbg- closed in (X,t). Hence, f is sbg —
continuous.

Conversely, Let V be a closed set in (Y,o). Since f is sbg - continuous, then f~1(V) is
sbg-closed in (X,t). By proposition 3.6 in [4], f~1(V) is semi - closed in (X,t). Hence, f is
semi — continuous.

Remark 3.10:The following diagram shows the relationships of sbg-continuous functions
with other known existing functions. A — B represents A implies B but not conversely.

ol - ¢ oritikoaoms

. s'h%-
Begnbr cortirnions
: i Contitnnne

1h - ¢ oritiroaos

Seri-C opd s

Proposition 3.11: Every sbg — irresolute is sbg — continuous.

Proof: Let f: (X,1) — (Y,0) be sbg — irresolute. Let V be closed in (Y,0). Since every closed
set is sbg-closed, V is sbg-closed in (Y,o). Since fis sbg — irresolute, f~1(V) is a sbg-closed
set in (X,1). Hence, fis sbg — continuous.

The following example shows that the converse of the above proposition need not be true.

Example 3.12: Let X =Y = {a,b,c},

1={X, ¢, {a}, {b}, {a,b}, {ac}} and o = {Y, ¢, {a}.{b}. {a,b}}

Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) = c.

sbg-C(X) = {X, ¢, {b}, {c}, {a.c}, {b.c}},

sbg-C(Y) = {X, ¢, {a}, {b}, {c}, {a,c}, {b,c}},

C(X) ={X, ¢, {c}, {a,c}, {b,c}}

Here, f is sbg — continuous. But, inverse image of a sbg-closed set {a} in Y is {a}, which is
not sbg-closed set in X. Hence, f'is not sbg — irresolute.

Proposition 3.13: Every sbg — continuous is bg — irresolute.
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Proof: Let f: (X,1) — (Y,0) be sbg — continuous. Let V be closed in (Y,o). Since every
closed set is bg-closed, V is bg-closed in (Y,o). Since fis sbg — continuous, f~1(V) is a sbg-
closed set in (X,t). By Proposition 3.23 in [4], f~1(V) is bg-closed set in (X,t). Hence, f is
bg — irresolute.

The following example shows that the converse of the above proposition need not be true.

Example 3.14:Let X =Y = {a,b,c},

1={X, ¢, {a,c}} and 6 = {Y, ¢, {a},{a,b}, {ac}}

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c.

sbg-C(X) = {X, ¢, {b}},

bg-C(X) = {X, ¢, {a}, {b}, {c}, {a.c}, {b.c}},

bg'C(Y) = {X’ ¢1 {b}1 {C}1 {b,C}}

C(Y) ={X, ¢, {b}, {c}, {b.c}}

Here, fis bg — irresolute. But, inverse image of a closed set {b,c} in Y is {b,c} which is not
sbg-closed set in X. Therefore, fis not sbg — continuous.

Proposition 3.15: Let f: (X,1) — (Y,0) be a sbg — continuous map. If (X,7) is Tz — Space
then f is continuous.

Proof: Let f: (X,7) — (Y,0) be sbg — continuous. Let V be a closed set in (Y,o). Since f is
sbg-continuous, f~1(V) is sbg-closed set in (X,t). Since (X,7) is Tsg — Space, f~H(V) is
closed set in (X,1). Therefore, f is continuous.

Proposition 3.16: Let f: (X,1) — (Y,0) be a sbg — continuous map. If (X,1) is T%ps — Space
then fis a - continuous.

Proof: Let f: (X,t) — (Y,0) be sbg — continuous. Let V be a closed set in (Y,c). Since f is
sbg-continuous, f~1(V) is sbg-closed set in (X,t). Since (X,1) is T%wg — space, f~1(V) is o-
closed set in (X,1). Therefore, fis  a - continuous.

4. sbg — OPEN MAPS AND sbg — CLOSED MAPS
We introduce the following definitions.

Definition 4.1: Let X and Y be two topological spaces. A map f: (X,t) — (Y,0) is called sbg
— open map if for each open set V of X, f(V) is sbg —openset in'Y.

Definition 4.2: Let X and Y be two topological sapces. A map f: (X,t) — (Y,0) is called sbg
— closed map if for each closed set V of X, f(V) is sbg — closed set in Y.

Example 4.3: Let X =Y ={a,b,c}

1={X, ¢, {ac}} ando={Y, ¢, {b}}

Define a map f: (X,7t) — (Y,0) by f(a) = b, f(b) = a, f(c) =c.

Then f is sbg — open map, since the image of a open set {a,c} in (X,7) is {b,c} which is sbg-
open set in (Y,o).
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Proposition 4.4:

a) Every open map is sbg — open map.

b) Every o — open map is sbg — open map.

c) Every regular open map is sbg — open map.
d) Every rb — open map is sbg — open map.

Proof:

a) Let f: (X,1) — (Y,0) be an open map and V be an open set in X. Since f is an open map
f(\V) is an open set in Y. By Proposition 3.4 in [4], f(V) is a sbg — open set in (Y,c).Therefore,
fis sbg — open map.

b) Let f: (X,1) — (Y,0) be an a - open map and V be an open set in X. Since f is an a - open
map, f(V) isan o - open set in Y. By Proposition 3.7 in [4], f(V) is a sbg — open set in
(Y,o0). Therefore, f'is sbg — open map.

c) Let f: (X,1) — (Y,0) be regular open map and V be an open set in X. Since f is regular
open map, f(V) is an regular open set in Y. By Proposition 3.9 in [4], f(V) is a sbg — open set
in (Y,o). Therefore, fis sbg — open map.

d) Let f: (X,7) — (Y,o0) be an rb - open map and V be an open set in X. Since f is an rb - open
map, f(V) is an rb - open set in Y. By Proposition 3.19 in [4], f(V) is a sbg — open set in
(Y,o0). Therefore, f'is sbg — open map.

The following examples show that the converse of the above proposition need not be true.

Example 4.5:

a) Let X=Y = {ab,c}, 1= {X, ¢, {a,c}}, o ={Y, ¢, {a}, {b}, {a,b}}
Define a function f: (X,7) — (Y,0) by f(a) =a, f(b) =b, f(c) =c¢
O(X) = {X,¢.{a.c}}
O(Y) ={Y, ¢, {a}, {b}, {a.b}}
sbg-O(Y) = {Y.¢.{a} {b}{ab}.{ac}.{b,.c}}
Since the image of an open set {a,c} in (X,t) is {a,c} which is sbg — open set in (Y,o) but not
open set in (Y,o), fis sbg — open map, but not open map.
b) Let X=Y = {a,b,c}, 1= {X, ¢, {c}, {a,b}}, 6 ={Y, ¢, {a}, {c}, {a,c}, {b,c}}
Define a function f: (X,t) — (Y,0) by f(a) = a, f(b) = ¢, f(c) =c
O(X) = {X,¢,{c}{a,b}}
(X-O(Y) = {Y, d)’ {a}1 {C}, {b,C}}
sbg-O(Y) ={Y,¢,{a}.{c}{ac}{bc}}
Since the image of an open set {a,b} in (X,7) is {a,c} which is sbg — open set in (Y,c) but not
an o - open set in (Y,o), fis sbg — open map, but not an o - open map.
c) Let X=Y = {a,b,c}, 1= {X, ¢, {a}, {a,b}}, o= {Y, ¢, {a}, {b}, {a,b}, {a,c}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) = ¢
O(X) = {X,¢,{a}.{a,b}}
ro(Y) ={Y, ¢, {b}, {ac}}
sbg-O(Y) = {Y,¢,{a}.{b} {a,b}{ac}}
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Since the image of open sets {a},{a,b} in (X,7) are {a},{a,b} which are sbg — open sets in
(Y,o0) but not regular open sets in (Y,o), fis sbg — open map, but not regular open map.
d) Let X =Y = {a,b,c}, 1= {X, ¢,{a,c}}, o = {Y, ¢, {a}.{a.b}, {a.c}}

Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c
O(X) = {X,¢.{a.c}}

rb-O(Y) = {Y, ¢, {a}, {a.b}}

sbg-O(Y) = {Y.¢.{a}.{a,b}.{a,c}}

Since the image of an open set {a,c} in (X,1) is {a,c} which is sbg — open set in (Y,o) but not
rb - open set in (Y,0), fis sbg — open map, but not rb - open map.

Proposition 4.6:

a. Every sbg- open map is b — open map

b. Every sbg —open map is sg — open map

c. Every sbg — open map is gs — open map

d. Every sbg — open map is gb — open map

e. Every sbg —open map is g*b — open map

f.  Every sbg — open map is bg — open map.

Proof:

a. Let f: (X,r) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —
open map, f(V) is sbg — open set in Y. By Proposition 3.11 in [4], f(V) is b-open set in
(Y,0). Therefore, f is b — open map.

b. Let f (X,1) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —
open map, f(V) is sbg — open set in Y. By Proposition 3.13 in [4], f(V) is sg-open set in
(Y,0). Therefore, f is sg — open map.

c. Letf: (X,r) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —
open map, f(V) is sbg — open set in Y. By Proposition 3.15 in [4], f(V) is gs - open set in
(Y,0). Therefore, f is gs — open map.

d. Let f (X,1) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —
open map, f(V) is sbg — open set in Y. By Proposition 3.17 in [4], f(V) is gb - open set in
(Y,0). Therefore, f is gb — open map.

e. Let f: (X,t) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —
open map, f(V) is sbg — open set in Y. By Proposition 3.21 in [4], f(V) is g*b - open set
in (Y,o0). Therefore, f is g*b — open map.

f. Letf (X,1) — (Y,0) be a sbg — open map and V be an open set in X. Since f is sbg —

open map, f(V) is sbg — open set in Y. By Proposition 3.23 in [4], f(V) is bg - open set in
(Y,0). Therefore, fis bg — open map.

The following examples show that the converse of the above proposition need not be true.

Example 4.7:

a.

Let X =Y = {a,b,c}, 1= {X, ¢,{a},{b},{a,b},{a,c}}, 6 ={Y, ¢, {a},{b,c}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) =¢

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and IT (IRJMEIT)

31|Page




O(X) = {X, ¢.{a}.{b}.{a,b},{a,c}}
b-O(Y) = {Y, ¢, {a}.{b}.{c}.{a.b}.{a.c}.{b.c}}
sbg-O(Y) = {Y.¢.{a}.{b.c}}
Since the image of open sets {b},{a,b},{a,c} in (X,1) are {b},{a,b},{a,c} respectively
which are b — open sets in (Y,o) but not sbg - open sets in (Y,c), f is b — open map, but
not sbg - open map.
b. LetX=Y = {ab,c},1={X, ¢,{b}}, c={Y, ¢, {c}.{a,b}}
Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c
O(X) = {X, ¢.{b}}
sg-O(Y) ={Y, ¢, {a},{b}.{c}.{a.b}.{a,c}{b,c}}
Sbg'O(Y) = {Y,(I),{C},{ﬁ,b}}
Since the image of an open set {b} in (X,7) is {b} which is sg — open set in (Y,o) but not
sbg - open set in (Y,o), T is sg — open map, but not sbg - open map.
c. LetX=Y={ab,c},t={X, ¢,{a}},o=1{Y, ¢,{a,c}}
Define a function f: (X,7) — (Y,0) by f(a) =a, f(b) =b, f(c) =c¢
O(X) ={X ¢.{a}}
gS'O(Y) = {Y1 (I)’ {a},{C},{a,C}}
Sbg'O(Y) = {Y,(I),{a,C}}
Since the image of an open set {a} in (X,t) is {a} which is gs — open set in (Y,c) but not
sbg - open set in (Y,0), f is gs — open map, but not sbg - open map.
d LetX=Y={ab,c},1={X, ¢,{a},{b},{a,b}}, o ={Y, ¢,{a}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) =b, f(c) =c
O(X) = {X, ¢.{a},{b}{a,b}}
gb-O(Y) = {Y, ¢, {a}{b} {c}.{a,b}{a,c}}
Sbg_O(Y) = {Y,(I),{a},{a,b},{a,C}}
Since the image of an open set {b} in (X,t) is {b} which is gb — open set in (Y,c) but not
sbg - open set in (Y,0), T is gb — open map, but not sbg - open map.
e. LetX=Y={ab,c},1={X, ¢,{a},{b},{a,b},{ac}}, o={Y, ¢, {a}.,{a,b}}
Define a function f: (X,1) — (Y,0) by f(a) =a, f(b) =b, f(c) =c¢
O(X) = {X, ¢.{a},{b}.{a,b}{a,c}}
g*b-O(Y) ={Y, ¢, {a}.{b}.{a,b}{a,c}}
Sbg-O(Y) = {Y,(I),{a},{a,b},{a,C}}
Since the image of an open set {b} in (X,7) is {b} which is g*b — open set in (Y,c) but
not sbg - open set in (Y,0), T is g*b — open map, but not sbg - open map.
f. LetX=Y={ab,c},t=1{X, ¢,{a},{a,b},{a,c}}, c={Y, ¢, {b}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) =b, f(c) =c
O(X) = {X, ¢{a}.{a,b}{a,c}}
bg-O(Y) ={Y, ¢, {a}.{c}{a b} {ac}{bc}}
sbg-O(Y) = {Y.¢.{a}.{c}.{ac}}
Since the image of an open set {a,b} in (X,7) is {a,b} which is bg — open set in (Y,c) but
not sbg - open set in (Y,0), f'is bg — open map, but not sbg - open map.

Remark 4.8: The following diagram shows the relationships of sbg — open map with other
known exis®ing open maps. A B represents A implies B but not conversely.
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1. sbg - open map 2. open map 3. o.—0pen map

4. Regular open map 5. rb — open map 6. b —open map
7.Sg —open map 8. gs —open map 9. gb — open map
10. g*b — open map 11. bg - open map

5. shg - HOMEOMORPHISM
We introduce the following definition.

Definition 5.1: A bijection f: (X,1) — (Y,0) is called a sbg§ — homeomorphism if f is both sbg
— continuous map and sbg- open map.
That is, Both f and fare sbg — continuous map.

Example 5.2: Let X =Y ={a,b,c}
1={X ¢, {a}} ando={Y, ¢, {b}}
Define a map f: (X,t) — (Y,0) by f(a) =b, f(b) =c, f(c) =a
sbg — C(X) = {X,¢,{b} {c}.{b.c}}
sbg — O(Y) = {Y,¢,{b}.{a,b}.{b,c}}
C(Y) ={Y.¢.{ac}}
O(X) = {X.¢.{a}}
Here, the inverse image of a closed set {a,c} in Y is {b,c} which is sbg — closed set in
X and the image of an open set {a} in X is {b} which is sbg —open in Y. Hence, f is sbg —
homeomorphism.

Proposition 5.3:

a) Every homeomorphism is sbg — homeomorphism

b) Every sbg — homeomorphism is b — homeomorphism
c) Every sbg — homeomorphism is gs — homeomorphism
d) Every sbg — homeomorphism is gb — homeomorphism
e) Every sbg — homeomorphism is g*b — homeomorphism
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f)

Every sbg —homeomorphism is bg — homeomorphism

Proof:

a)

b)

d)

Let £ (X,t) — (Y,0) be a homeomorphism. Then f is continuous and open map. By
Proposition 3.5(a) and Proposition 4.4(a), f is sbg — continuous and sbg — open map.
Hence, fis sbg — homeomorphism.

Let f: (X,t) — (Y,0) be a sbg - homeomorphism. Then f is sbg- continuous and sbg -
open map. By Proposition 3.7(a) and Proposition 4.6(a), f is b — continuous and b — open
map. Hence, fis b —homeomorphism.

Let f: (X,t) — (Y,0) be a sbg - homeomorphism. Then f is sbg- continuous and sbg -
open map. By Proposition 3.7(c) and Proposition 4.6(c), f is gs — continuous and gs —
open map. Hence, f is gs — homeomorphism.

Let f: (X,1) — (Y,0) be a sbg - homeomorphism. Then f is sbg- continuous and sbg -
open map. By Proposition 3.7(d) and Proposition 4.6(d), f is gb — continuous and gb —
open map. Hence, f is gb — homeomorphism.

Let f: (X,1) — (Y,0) be a sbg - homeomorphism. Then f is sbg- continuous and sbg -
open map. By Proposition 3.7(e) and Proposition 4.6(e), f is g*b — continuous and g*b —
open map. Hence, f is g*b — homeomorphism.

Let £ (X,1) — (Y,0) be a sbg - homeomorphism. Then f is sbg- continuous and sbg -
open map. By Proposition 3.7(f) and Proposition 4.6(f), f is bg — continuous and bg —
open map. Hence, f is bg — homeomorphism.

The following examples show that the converse of the above proposition need not be true.

Example 5.4:

a)

Let X=Y = {a,b,c}, 1= {X, ¢, {a,c}}, 0 ={Y, ¢, {a}, {a,b}, {a,c}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) = ¢

Sbg - C(X) = {X,(I),{b},{C},{b,C}}

Sbg - O(Y) = {Y,(I),{a},{a,b},{a,C}}

C(Y) ={Y.o.{b}{c}{b.c}}

O(X) = {X.¢.{a.c}}

Here, the inverse image of closed sets {c},{b,c} in Y are {c},{b,c} which are sbg —

closed in X but not closed in X. So f is sbg — continuous but not continuous. Also, the image
of an open set {a,c} in X is {a,c} which is sbg — open set in Y. Thus, f is sbg — open map.
Therefore, fis sbg — homeomorphism, but not a homeomorphism.

b)

Let X=Y = {ab,c}, 1= {X, ¢, {a},{b},{a,b},{a,c}}, o ={Y, ¢,{a},{b,c}}
Define a function f: (X,t) — (Y,0) by f(a) = b, f(b) =a, f(c) = ¢

sbg — C(X) = {X,¢.{b}.{c}{a,c}{b,c}}

sbg — O(Y) = {Y.¢.{a}.{b.c}}

C(Y)={Y.¢p{a}{bc}}

O(X) = {X,¢.{a}.{b} {a,b} {ac}}

b—C(X) = {X,¢.{b}.{c}{ac}.{b.c}}

b—O(Y) = {Y.¢,{a}{b}.{c}{a b} {ac}{b.c}}
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Here, the image of open sets {a},{a,b} are {b},{a,b} which are b-open sets in Y but
not sbg —open set in Y. So f is b — open map but not sbg — open map. Also, the inverse image
of a closed sets {a},{b,c} in Y are {b},{a,c} which are b — closed in X. Thus, fis b —
continuous map. Therefore, f is b — homeomorphism but not sbg — homeomorphism.

c) Let X=Y ={ab,c},t={X, 9, {a}}, o ={Y, ¢,{a,c}}
Define a function f: (X,7) — (Y,0) by f(a) = a, f(b) = b, f(c) =c
Sbg - C(X) = {X,¢,{b},{C},{b,C}}
Sbg - O(Y) = {Y,¢,{a,C}}
C(Y) ={Y.,¢.{b}}
O(X) = {X,¢.{a}}
gs — C(X) = {X,¢.{b} {c}.{a.b}.{ac}.{b.c}}
gS - O(Y) = {Y,(I),{a},{C},{a,C}}

Here, the image of an open set {a} is {a} which is gs-open set in Y but not sbg — open
set in Y. So fis gs — open map but not sbg — open map. Also the inverse image of a closed set
{b} in Y is {b} which is gs — closed in X. Thus, f is gs — continuous map. Therefore, fis gs —
homeomorphism but not sbg — homeomorphism.

d) LetX=Y = {abc},t1=1{X, ¢, {a}, {ab}},o={Y, ¢, {a}, {b}, {ab}, {a,c}}
Define a function f: (X,7) — (Y,0) by f(a) =a, f(b) =b, f(c) =c¢
Sbg - C(X) = {X,(I),{b},{C},{b,C}}
sbg — O(Y) = {Y.¢.{a}.{b} {a,b}{a,c}}
C(Y) ={Y.o.{b}.{c}{ac}{b,c}}
O(X) = {X,¢.{a}.{a,b}}
gb — C(X) = { X,¢.{b}.{c}{a.c}.{b.c}}
gb - O(Y) = {Y.¢.{a}{b} {a,b}{a,c}}

Here, the inverse image of a closed set {a,c} in Y is {a,c} which is gb — closed set in
X but not sbg — closed set in X. So f is gb — continuous map but not sbg — continuous map.
Also, the image of the open sets {a}, {a,b} in X are {a},{a,b} which are gb — open set inY.
Thus, f is gb — open map. Therefore, f is gb — homeomorphism but not sbg —
homeomorphism.

e) LetX=Y={ab,c},1={X, ¢, {a}, {b}, {a,b}, {ac}}, c={Y, ¢, {a},{a,b}}
Define a function f: (X,7) — (Y,0) by f(a) =a, f(b) =b, f(c) =c¢
sbg — C(X) = {X,¢.{b}.{c} {a.c}.{b.c}}
sbg — O(Y) = {Y.¢.{a}{a,b}{a,c}}
C(Y) ={Y.o.{c}{b.c}}
O(X) = {X,¢.{a}.{b}.{a,b}.{a.c}}
g*b— C(X) = { X,¢,{b}.{c}{a,c}{b.c}}
g*b—0O(Y) = {Y.¢.{a}.{b}.{a.b}.{a.c}}

Here, the image of an open set {b} is {b} which is g*b — open set in Y but not sbg —
open set in Y. So f is g*b — open map but not sbg — open map. Also, the inverse image of a
closed sets {c},{b,c} in Y are {c},{b,c} which are g*b — closed sets in X. Thus f is g*b —
continuous map. Therefore, f is g*b — homeomorphism but not sbg§ — homeomorphism.

) LetX=Y={abc},t={X, 0, {c}, {ab}}, c={Y, ¢, {a}}
Define a function f: (X,1) — (Y,0) by f(a) = a, f(b) = b, f(c) =¢
sbg — C(X) = {X.¢.{c}.{a,b}}
sbg — O(Y) = {Y.¢.{a}.{a,b}.{a,c}}
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C(Y) ={Y.0.{bc}}

O(X) = {X,¢.{c}-.{a,b}}

bg — C(X) = { X,¢,{a} {b}.{c}.{a.b}.{a.c}.{b.c}}

bg - O(Y) = {Y.¢.{a}.{b}.{c}{ab}{ac}}

Here, the inverse image of a closed set {b,c} in Y is {b,c} which is bg — closed set in

X but not sbg — closed set in X. So, f is bg — continuous map but not sbg — continuous map.
Also, the image of an open set {a} in X is {a} which is bg —open set in Y but not sbg — open
set in Y. Thus, f is bg — open map but not sbg — open map. Therefore, f is bg —
homeomorphism but not sbg — homeomorphism.

Remark 5.7: The following diagram shows the relationships of sbg — homeomorphism with
other known existing hom@omorphisms. A B represents A implies B but not
conversely.

1. sbg — homeomorphism 2. homeomorphism 3. b - homeomorphism

4. gs — homeomorphism 5. gb — homeomorphism 6. g*b -
homeomorphism

7. bg — homeomorphism.

Proposition 5.8: For any bijection f: (X,t) — (Y,0) the following statements are equivalent
a) Itsinverse mapf~!: Y — X is sbg — continuous
b) fisa sbg— open map
c) fisasbg— closed map.
Proof: (ad=p (b) :
Let G be any open set in X.
Since f~1is sbg — continuous, f(G) is sbg — open in Y. So, fis a sb§ — open map.
(b)=—> (C) :
Let F be any closed set in X. Then F°® is open in X. Since f is sbg — open, f(F°) is sbg —
openin Y. So, f(F) is sbg — closed in Y. Therefore, f'is a sbg — closed map.
(C)mmp (2) :
Let F be any closed set in X. Since f'is a sbg — closed map, f(F) is closed in Y. So, (f 1)
Y(F) is closed in Y. Therefore, ' is sbg — continuous.
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