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ABSTACT

In this paper, we introduce the concept of intuitionistic fuzzy BG-ideals in BG-algebra and
investigate some of their properties. Homomorphism and epimorphism functions are satisfied
while applying the intuitionistic fuzzy BG-ideal concept. Intuitionistic Fuzzy BG-ideal is also

applied in Cartesian product.
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1. Introduction

AFTER the introduction of the concept of fuzzy sets byZadeh several researches were
conducted on thegeneralizations of the notion of fuzzy sets.The idea of * Intuitionistic fuzzy
set ““ was first publishedby Atanassov, as a generalization of the notion of the fuzzy set. In
this paper, using the Atanssov’s idea, we establish theideals in BG-algebras, and investigate
some of their properties. Y. Imai and K. Iseki introduced two classes of abstract algebras:

BCK — algebras and BCI — algebras. It is known that the class of BCK — algebras is a proper

subclass of the class of BCI —algebras. J. Neggers and H.S.Kim introduced a new notion,
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called B — algebra. C.B.Kim and H.S.Kim introduced the notion of the BG — algebra which is
a generalization of B — algebra. In this paper, we classify the Intuitionistic fuzzy BG — ideals
in BG — Algebra.

2. Preliminaries

In this section we site the fundamental definitions that will be used in the sequel.
Definition 2.1

A nonempty set X with a constant 0 and a binary operation “*” is called a BG-
Algebra if it satisfies the following axioms.

1. xxx=0
2. xx0=x

3. (x*xy)*x(0*xy)=x,Vx,y€X.

Example

Let X={0, 1, 2, 3} be the set with the following table.

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then (X, *, 0) is a BG- Algebra.
Definition 2.2

Let S be a non-empty subset of a BG-algebra X, then S is called a
sub algebraof X if x xy € S, forall x,y €S.
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Definition 2.3

A non-empty subset | of a BG- algebra X is called an ideal of X if

() 0el
(i) x+*y€elandy € limplythat x € X fo allx,y € X.

Definition 2.4

Let X be a BG-algebra and | be a subset of X ,then | is called a BG-ideal of X if it satisfies
following conditions:

1.0€el

2.x*xy €landy €l > x€ I

. x€landyeX=>xxy€el,IxXcl.

Definition 2.5

A mapping f: X — Y of a BG-algebra is called a homomorphism if f(x xy) =
f)*f(y)vx,yeX

Remark:
If f:X — Y is a homomorphism of BG-algebra, then f(0) = 0.
Definition 2.6
Let X be a non-empty set. A fuzzy set A of X is given by
A ={(x, a4(x))|x € X}

Where a,: X — [0,1] is the membership function, and complement of A

denoted by 4,is the fuzzy set in X with @;(x) = 1 — a,(x) V x € X.
Definition 2.7
An intuitionistic fuzzy set A in a non-empty set X is defined by
A ={(x,ay(x), B4 (x))x € X},

Where the functions a,: X — [0,1],and B4: X — [0,1] denoted the degree of

membership and the degree of non-membership, respectively, and
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0<ayx)+p(x)<1 VxeX.
Remark:
We use the symbol A = (ay, B,) for the intuitionistic fuzzy set.
Definition 2.8

Let A be an intuitionistic fuzzy set in BG- algebra. Then A is called an intuitionistic

fuzzy sub-algebra of X if
a,(x x y) = min{ay (x), a, (1)} ;
Ba(x xy) < max{fy(x),B4(y)} Vxy €X.
Remark:

For every intuitionistic fuzzy sub-algebra A in X, we have the following properties:

(1) @4(0) = ay(x)
(i) B4(0) < B4(x) forallx € X.

Definition 2.9
Let A be an intuitionistic fuzzy set in X. For t € [0,1], the set
A, ={x eXl|la,(x) = t;1— B4(x) =t}
is called a level subset of A.
Definition 2.10

An intuitionistic fuzzy set A = (ay,, B4) in X is called intuitionistic fuzzy BG- ideal,

if it satisfies the following inequalities.

1. a4(0) = ay(x); B4(0) < Bsa(x)
2. a,(x) = min{ay(x *y),as(¥)}; Ba(x) < max{B,(x *y), Bs(¥)}
3. ay(x*xy) = minfa,(x),ay(y)}; Balx xy) < max{B,(x), Ba(¥)}Vx,y €X.
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Definition 2.11

Let A and B be the intuitionistic fuzzy sets in X. The Cartesian product A X
B: X x X — [0,1] is defined by

aaxp(x,y) = min{a, (x), ap(y)}
Baxp(x,y) = max{fs(x), Bz ()}
Theorem 3.1

If Aand B are intuitionistic fuzzy BG-ideals of a BG-algebra XxX then AxB is an
intuitionistic fuzzy BG-ideal of XxX.

Proof:
For any (x,y) € X X X we have,
a,(0,0) = min{a,(0), az(0)}
= min {a,(x), ag(y)}
= asxp(%,Y)

aaxp(0,0) = ayp(x,y)

Bax(0,0) = max {$,(0), B5(0)}
< max{fs(x), Bz (¥)}
= Baxz (%, ¥)
Baxg(0,0) < Baxp(x,¥)

Let (xq,x,) and (yy,y,) € X X X then

auxp (X1, X2) = min{ a, (x1), ap(x;)}

> min{min{a, (x; * y1), a4 (y1)}, min{ap (x * v2), ap (v2)}}

= min{min{“A (x1 * y1), ag(xy * y2)}, minfa, (v1), ap (3’2)}}

= min{asxp (X1 * Y1, X2 * ¥2), Aasg V1, Y2)}
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= min{aaxp[(x1,%2) * V1, ¥2)], @axp V1, ¥2)}

woaxp (X1, %) = min{auxp[(x1, X2) * (V1, ¥2)] @axe V1, ¥2)}

And
Baxp (x1,x2) = max { B, (x1), Bg(x2)}
< max{maX{ﬁA (x1 * ¥1), Ba(y1)}, max{Bp(x; * ¥7), Bp (J’Z)}}

= max{max{ﬁA (x1 * y1), Bp (x2 * y2)}, max{fs(y1), B (}’2)}}
= max{Baxp (X1 * ¥1,%2 * ¥2), Baxs V1, ¥2)}

= max{Baxp[(x1,%2) * V1, ¥2)], Baxs 1, ¥2)}
Baxp (X1, x2) < max{Baxpl[(x1,%2) * V1, ¥2)], Baxs V1, ¥2)}

Now

s [(e1,%2) * (1, 72)] = @axp (X1 * Y1, %2 * ¥2)
= min{a,(x; * y1), ag(xz * y2)}
> min{min{a, (x,), as(y1)}, minfap (x), a5 (v2)}}
= min{min{a, (x,), a5 (x2)}, min{a, (1), @5 (v2)}}
= min{a,xp(x1, x2), Xaxp (Y1, ¥2)}

aaxp[(x1,x2) * (¥, ¥2)] = min{agup (X1, X2), Aaxp V1, ¥2)}

And
Baxp[(x1,%2) * (1, ¥2)] = Baxp (X1 * Y1, X2 * ¥2)

= max{fs(x1 * y1), Bg(x2 * ¥2)}
< max{max{ﬁA (x1), Ba(y1)}, max{Bp(x;), B (}’2)}}

= max{max{ﬁA (x1), Bp (x2)}, max{B, (y1), B (}’2)}}
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= max{Baxp (X1, %2), Baxs V1, ¥2)}

Baxp[(x1,%2) * (71, ¥2)] < max{Baxp (x1,%2), Baxs V1, ¥2)}

Therefore AxB is an intuitionistic fuzzy BG-ideal of XxX.

Theorem 3.2

Let A and B be intuitionistic fuzzy sets in a BG- algebra such that AxB is an intuitionistic
fuzzy BG- ideal of XxX . Then

(i) Eithera, (0) = a,(x) or ag(0) = ag(x) V x € X.

(i) Eithers, (0) < B4(x) or B(0) < Bp(x) V x € X.
(i)  Ma,(0) = ay(x) forallx € X,then ag(0) = a,(x) or ag(0) = ag(x)

(iv)  1fB4(0) < Ba(x) for all x € X,then B5(0) < f,4(x) or Bz (0) < Bp(x)
(V) If a5(0) = ag(x) forall x € X,then a,(0) = a,(x) or a,(0) = ag(x)

(vi)  IfB5(0) < Bp(x) for all x € X,then B,(0) < Ba(x) or ,(0) < Bp(x)

Proof:

(i) Assume ay(x) > a,(0) and ag(y) > az(0) for some x,y € X
Then a,,p(x,y) = min{a,(x), ag(y)}
> min{a,(0),ap(0)}
= a,x5(0,0)
= ayxp(%,y) > ayxp(0,0) Vx,y €X
Which is a contradiction to AX B is an intuitionistic fuzzy BG- ideal of XxX.

Therefore eithera, (0) = a,(x) or ag(0) = az(x) V x € X.
(if) Assume B,(0) > B4(x) and Bz(0) > Bz (y) for some x,y € X.
Then Buxp(x,y) = maxi{if, (x)Bz ()}
< max{B,(0), B3 (0)}
= Baxp(0,0)
= Paxs(x,y) < Buxp(0,0) Vx,y €X.
Which is a contradiction to AxB is an intuitionistic fuzzy BG- ideal of XxX.

Therefore either 8,(0) < B4(x) or B5(0) < Bp(x) Vx € X.
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(ii)) Assume ap(0) < ay(x) and ag(0) < az(y) Vx,y € X.
Then a,«5(0,0) = min{a,(0),az(0)}
= ap(0)
And a5 (x,y) = min{a, (x), ag(y)} > ag(0)
= a,x5(0,0)
= agxp(x,y) > a4xp(0,0) Vx,y €X
Which is a contradiction to AxB is an intuitionistic fuzzy BG- ideal of XxX.

Hence if @, (0) = a,(x) for all x € X then az(0) = a,(x) or az(0) = az(x).
(iv) Assume f(0) > B4 (x) and f5(0) > Bp(y) Vx,y €X .
Then B4,5(0,0) = max{B,(0), B3 (0)}
= B5(0)
ANd Baxp (x, ) = max{fs(x), B ()} < B5(0)
= Baxp(0,0)

= Baxp(%,y) < Paxp(0,0) Vx,y € X
Which is a contradiction to AxB is an intuitionistic fuzzy BG- ideal of XxX.
Hence if 8,(0) < B4(x) for all x € X then B5(0) < B4(x) or Bz(0) < Bp(x).
(v) Assume a,(0) < ay(x) and a,(0) < ag(y)Vx,y €X.
Then a,x5(0,0) = min  {a,(0),az(0)}
= a,(0)
And a5 (x, y) = min{a, (x), ag(y)} > a,(0)

=daxp (0,0)
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= XyxB (x, 3’) > aAXB(OJO)

Which is a contradiction to AxB is an intuitionistic fuzzy BG- ideal of XxX.
Hence if az(0) = az(x) V x € X then a,(0) = a,(x) or a,(0) = az(x)
(vi) Assume B,(0) > B4(x) and B4(0) > Bz (y) V x,y € X.
Then B,,5(0,0) = max {B4(0),55(0)}
= B4(0)
ANnd Baxp(x,y) = max{B,(x), Bz (¥)} < B4(0)
=Baxp(0,0)
= Baxp (X, y) < Baxgp(0,0)
Which is a contradiction to AxB is an intuitionistic fuzzy BG- ideal of XxX.
Hence if B5(0) < Bz(x) V x € X then 5,(0) < B4(x) or B4(0) < B (x)
Theorem 3.3

If A and B are the intuitionistic fuzzy sets in the BG- algebra X such that AXB is an

intuitionistic fuzzy BG-ideal of XxX, then A or B is an intuitionistic fuzzy BG- ideal of X.
Proof:

First to prove that B is an intuitionistic fuzzy BG- ideal.

Given AXB is an intuitionistic fuzzy BG-ideal of XxX.

Then by theorem 3.2, we have

(i) Either a4 (0) = a,(x) or az(0) = agz(x) V x € X and
(i)  Either B,(0) < B4(x) or B5(0) < Bz(x) Vx € X.

Let az(0) = ag(x) and Bz(0) < Bg(x)Vx €X.
By theorem 3.2, (V) a,(0) = a,(x) or a,(0) = az(x)

Nowag (x) = min{a,(0), ag(x)}
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=ax5(0,x)
> min{aas((0,%) * (0,)), x5 (0,7)}
= min{asxp (0 * 0,x * y), 2axp(0,y)}
= min{ayy5(0,x * ¥), asx5(0,y)}
= min{asxp (0 * 0,x * y), 2axp(0,y)}
= min{ap(x * y), az(y)}
That is a (x) = min{ag (x * y), az ()}
Now ap (x * y) = min{a,(0), ap(x * y)}
= aaxp(0,x x y)
= auxp(0%0,x *y)
= asxp((0,x)  (0,7))
ag(x * y) = min{a,,5(0,x), asx5(0,)}
=min{ag(x), az(y)}
That is az(x * y) = min{az(x), az(y)}
By theorem 3.2 (vi), B4(0) < B4 (x) or $,(0) < B5(x) Vx € X
Now Bz (x) = max{B,(0), B3 (x)}
=Baxp(0,x)
< max{Baxz((0,) * (0,)), Baxz (0,)}
= max{faxp(0 * 0,x * y), Baxp(0,¥)}
= max{Baxp(0,x * ¥), Baxz(0,y)}
= max{faxz (0 * 0,x * ¥), Baxz(0,¥)}

= max{fp(x *y), B (¥)}
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That is Bz (x) < max{Bz (x * ), Bz (»)}
Now Bg(x * y) = max{f,(0), Bg(x * y)}
= Baxp(0,x *y)
= Baxp(0*0,x xy)
= Baxz((0,x) * (0,7))
B (x * y) < max{Baxp(0,x), faxz(0,¥)}
=max{fz(x), B (¥)}
That is S5 (x * y) < max{Bp(x), B (y)}
This proves that B is an intuitionistic fuzzy BG- ideal of X.
Secondly to prove that A is an intuitionistic fuzzy BG- ideal of X.
Give AxB is an intuitionistic fuzzy BG- ideal of XxX.

Then by theorem 3.2, we have

(i) Either a,(0) = a,(x) or az(0) = az(x) Vx € X and
(ii) Either 8,(0) < B4(x) or B5(0) < Bz(x) Vx € X

Let a;(0) = a, (x) and 3, (0) < B, (x).
By theorem 3.2 (i),
1fa, (0) = ay(x) for all x € X, then ag(0) = a,(x) or az(0) = ag(x)
Now a4 (x) = min{ay(0), as (x)}
=ayx5(0,x)
> min{asys ((0,%) * (0,3)), a4x5(0,)}
= min{ap (0 * 0,x * ), asx5(0, )}

= min{ang (0,x * y). dAxB (0, Y)}
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= min{a,xp (0 * 0,x * y), 2axp(0,y)}
= min{a, (x * y), a4 (y)}
That is a, (x) = minfa, (x * y), as(¥)}
Now ay (x * y) = min{ag(0), ay(x * y)}
= aaxp(0,x * y)
= auxp(0 % 0,x *y)
= aaxp((0,x) * (0,7))
ay(x *y) = min{a,xp(0,x), @155 (0,y)}
=minfa, (x), a, (y)}
That is a, (x * y) = min{a, (x), ¢, (y)}
By theorem 3.2 (iv), B5(0) < B4 (x) or B5(0) < fp(x) Vx € X
Now B, (x) = max{B5(0), B4 (x)}
=Baxp(0,x)
< max{Baxp((0,x) * (0,%)), Baxs(0,3)}
= max{Baxp(0 * 0,x *y), Bsx5(0,¥)}
= max{Buxz(0,x * ), Buxs (0,1}
= max{faxp(0 * 0,x *y), Bsxp(0,y)}
= max{Ba(x xy), Ba(¥)}
That is 8, (x) < max{B,(x * ), B4 ()}
Now S, (x * ) = max{B(0), B4 (x * )}
= Baxp(0,x *y)

:ﬁAxB(O* le*Y)
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= Baxz((0,x) * (0,7))
Ba(x xy) < max{Bax5(0,%), Baxp(0,y)}
=max{B(x), B2 (¥)}
That is 4 (x * y) < max{B.(x), 1 (¥)}.
This proves that A is an intuitionistic fuzzy BG- ideal of X.
Theorem 3.4
If A is an intuitionistic fuzzy BG- ideal of X, then A, is a BG- ideal of X.
Proof:

Let A be an intuitionistic fuzzy BG- ideal of X. ThenV x € X

4. a,(0) = a,(x);B4(0) < B,(x)
5. ay(x) = min{ay(x x y), a4(0)}; Ba(x) < max{,(x xy), f2(3)}
6. a,(x*y) = min{a,(x),as(y)}; Balx *y) < max{By(x), B4 (¥)}
To prove that A, is a BG- ideal of X.
We know that A, = {x|a,(x) = t; 1 — B4(x) =t}
Let x,y € A, and A is an intuitionistic fuzzy BG- ideal of X.

Since a,(0) = a,(x); B4(0) < B4(x) and x € A, we have
a,(0)=a,(x) =t and 1-p,0)=1—-p,(x)=>t

Which implies0 € A,V t € [0,1]
Letxxy € A, and y € A,.
Therefore a,(xxy) =t; 1 —B4(x*xy) >t

a,(y)=t; 1-B, ()=t

Now a,(x) = min{a,(x *y),a,(y)}

>min{t,t} >t
a,(x) >t

Ba(x) < max{By(x * y), B2 (y)}
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<max{l—t,1—t}

Pa(x) <1—t

st<1-p(x)

That is x € A,.
Letx € 4, ,y € X.
Choose y in X suchthat ay(y) = tand 1 — B,(y) > t.
Sincex €A, @a,(x)=t 1-B,(x)=>t
We know that

ay(x *y) = min{a, (x), ay(y)}
>min{t, t} >t

Thatis ay(x xy) >t
Ba(x xy) < max{B,(x), B+ ()}
<max{l—t,1—t}
<1-t
Thatis1 — B4(x*y) >t
> x*y €A,

Hence A, is an fuzzy BG- ideal of X.

Theorem 3.5:
If X be a BG- algebra V t € [0,1] andA, is a BG- ideal of X, then A is an intuitionistic

fuzzy BG- ideal of X.
Proof:

Since A,is a BG- ideal of X,
() 0 €A,
(i) xxy€eAandy€e A, > x €A,
(iii) x€eA,yeEX=>xxy€A,
To prove that A is an intuitionistic fuzzy BG- ideal of X.

() xy€A;,then ay(x)=t; 1—-p4(x)=>t
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a(y)=t; 1-p,() =t
Let ay(x) = t; and ay(y) = t,.
Without loss of generality let t; <t, > 1—¢t; > 1—¢t,.
ag(x) + a(x) <1
ti+P(x)<1
ti1<1-p4(x)andalsot; <1 —B4()
Then x € A,
Now x € A, andy € X implies x xy € Ay,
Thatis a,(x*xy)=t;;1—-Bs(x*xy) =1ty
Saxxy) =t
= min{ty, t,}
= minifir, (x), a4 (y)}
ay(x * y) = minifor, (x), a4 (y)}
Andalso By(x*xy) <1-—1t;
=max{l—t;,1—t,}
<max{l - (1-4,(0)),1- 1A=L)}
= max{f(x), Ba(¥)}

That is B, (x * y) < max{B4(x), Bs(¥)}

(i) Let a4(0) = ay(x * x)
> min{a,(x), a,(x)} (By proof (i)
> ay(x)

And B,(0) = f4(x = x)
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< max{f4(x), B4 (x)}(By proof (i))
< Ba(x)

oag(0) = as(x); Ba(0) < Ba(x) VxEX.

(iii)  Letay(x) = ay((x *y) * (0% y)) (by proof(i))
= min{a,(x * y),a,(0 * y)}
> min{a, (x * y), min{a, (0), &, ()}
> minfa, (x + y),a,()}  (By (ii))
~ay(x) = minf{a, (x * y), ay(y)}
LetB, (x) = Ba((x * ) * (0 % y)) (By proof (i)
< max{f (x *y), B4 (0 * y)}
< max{, (x * y), max{$,(0), B, )}
< max{f; (x x¥), B2} (By (i)
~ Ba(x) < max{By(x * y), Ba ()}
Hence A is an intuitionistic fuzzy BG- ideal of X.
Definition 3.1
Let f:x — Y be a mapping of BG-algebra and A be an intuitionistic fuzzy set of Y then
A’ is the pre-image of A under f if
a,r () = aa(f () and B, (x) = Ba(f (X)) Y x € X.
Theorem 3.6:

Let f:X—Y be a homomorphism of BG-algebra if A is an intuitionistic fuzzy BG-

ideal of Y then A7 is intuitionistic fuzzy BG-ideal of X.
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Proof:
Forany x,y € X, we have a,r(x) = a,(f(x))
< a,(0)
=a,(f(0))
=a,r(0)
Similarly Bar (x) = Ba(f (x)
= f4(0)
= Ba(£(0))
=Bar (0)
Let x,y €X then,
min{a,; (x * y), ayr (v)} = min{a, (f (c * ), ax(f )}
=min{a, (f () * f3)), aa(F3))}
< a,(f ()
=a,r (x)
That is e (x) = min{a,s (x * y), a,r ()}
And max {7 (x * y), B4r )} =max{Ba(f Cx * ¥)), B+ (f )}
= max{B; (f () * fF3), B (F 3))}
2 Ba(f () = Byr ()
That is 8,7 (x) < max{B,s (x * v), B,r ()}
Now minf{a, (x), &, ()} = min{ay (f (), aa(F )}

< a,(fx) = ()

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

26| Page




= a,(f(x )
a7 (x * y)
That is a s (x * y) = min{a,r (x),a,r ()}
And max{B,r (x), B,r )} = max{B (£ (), B1(F 3))}
> B (fG) * £ ()
= Ba(f(x*y))
=By (x xy)
That is B,r (x * y) < max{B,r (x), B,r )}

Hence A'is an intuitionistic fuzzy BG-ideal of X.

CONCLUSION

In this paper we have discussed about Intuitionistic Fuzzy BG-Ideals, Homomorphism,

Cartesian product of Intuitionistic Fuzzy BG-Ideals.
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