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ABSTRACT

By extending the notion of pseudo-achromatic number in the context of (k,d) coloring and
introducing the concept of pseudo-d-achromatic number & (G) of a graph G. In this paper, T
discuss further results on this new coloring in terms of partition graphs, the effect on the pseudo-
d-achromatic number of removing points or lines, the exact values for the cycles, complete m-
partite graphs and the bounds for the pseudo-d-achromatic numbers in terms of other parameters

and the construction of k -edge d-critical graphs.
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1.Introduction:

Let G be a simple graph. A coloring : V(G) — {1,2,3, ..., k} is called pseudo complete if
each pair of different colors appears in an edge. The pseudo achromatic number P2 (@) is the
maximum k for which there exists a pseudo complete coloring of G. If the coloring is required to

be proper(that is, each chromatic class is independent) then such a maximum is known as the

achromatic number of G denoted by y(G). The chromatic number y(G) is the minimum number

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

12| Page



http://aarf.asia/irjmeit.php
http://www.aarf.asia/
mailto:editor@aarf.asia
mailto:editoraarf@gmail.com

of colors required for the vertex coloring of (. A chromatic coloring that used y(G)-colors is a

complete coloring. Hence, y(G) < y(G) < W (G) —[1].

Vince [6] introduced the concept of starchromatic number which is the natural
generalization of chromatic number. Let k,d be positive integers with k = 2d. lLet z, =
{1,2,3, ..., k} is the set of integer modulo k and D, (x,y) = min{|x — y|,k — |x — y|}. A (k, d)-
coloring of a graph G is a mapping C:V — z, such that D, (C(u),C(v)) =d for each edge
uv € E. If [V(G)| = n and G has a (k, d) —coloring, then the star chromatic number y*(G) of a
graph G is defined by y*(G) = mini?{% /G has a (k.d) —coloring and 2d < k < n}. The concept

of d-achromatic number % (G) and pseudo d-achromatic number P& (G) was introduced in [4]
in the context of (k,d) —coloring of G. A pseudo complete d-coloring of using k colors is a
mapping @:V(G) = Z; such that for any two elements i,j € Z;, with D (i,j) = d there exists
adjacent vertices u, v such that @(u) = i and @ (v) = j. The pseudo achromatic number Y& (G)
is the maximum value of k for which there exists a pseudo complete d-coloring of G. A graph
having a pseudo complete d-coloring using k colors is called a k — pseudo complete d-colorable
graph. If the complete d-coloring required to be proper, then such a maximum is known as d-
achromatic number denoted by Y% (G). Also we have x4 (G) < P (G) < P&(G) where x4 (G) is
the minimum number of colors required for proper complete d-coloring. In this paper, T found
the exact values of this number Y& (G) for a variety of family of graphs and defined this pseudo
d-chromatic number in terms of partition graphs and investigate further results about the effect
of removing points and lines on this number and upper bounds for this pseudo d-chromatic

number.

The following results are proved in [4]

Proposition L1[41:Let G be a k —pseudo complete d-colorable graph. Then |V (G)| = k [k_2d+1]

A

Corollary 1.2[41:For any graph,with maximum degree A, Y& (G) < maxifk/k [k—Zzﬁl < |V}

Remark 1.3[41:Let k and d be positive integer with k > 2d. Consider the graph G¢ =

(V,E)where V ={1,2,3,...,k} and E(G) = {(i,)/D(i,j) = d}. Clearly G is (k —2d + 1)

k(k—2d+1)

regular and G ,‘f is k —pseudo complete d-colorable graph and size of the graph is .
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Proposition 1.4[41:1.et k and d be positive integers with k = 2d. Let n(k, d) denote the integer

k(k—2d+1 k(k—2d+1 k . . . .
( > ) o KL > ) + > according as k is odd or even. Then the cycle on n(k,d) vertices is

k —pseudo complete d-colorable.

Proposition 1.5[41: Let k and d be positive integers with k > 2d.

KD 4 1if kis odd
Let n(k, d)-

k(k—2d+1) Lk

= if kis even
2 2

Then any path on n(k, d) vertices is k-pseudo complete d-colorable.
2. Main results:

Theorem 1.1:T.et n and d be positive integers with n > d, then 2 (Knn) =n+d where K, , isa

complete bipartite graph.

Proof: Let X = {x;}/-; and Y = {y;}]=; be a bipartition of K, ,. Consider the function
fV(Kyn)—{1,23,..,n,..,n+d} defined by f(x;) =i and f(y,) =i+d,1 <i<n gives a
(n + d) —pseudo complete d-coloring of Gso that g (Knn) >n+d @€))

n—d+1
n

By Corollary 1.2, we have @ (Knn) < maxi{h + d/ [ ] (n+d) < V(K,,)}so that

Yl (Kun) Sntd—n0 @
Hence by (1) and (2) g (Knn) =n+d.

Remark 1.2:If a graph G admits a k —pseudo complete d-coloring then for any pair of colors
i,] € Z, with Dy (i, ]) = d, there exists atleast one edge whose end vertices receive the colors i

and j. Hence |E(G)| = w.

Theorem 1.3: The Jelly fish graph J(m,n) is a 5-pseudo complete 2-colorable graph and
Y Umn) =5.

Proof: The graph J,,, ,, is defined as follows:

V(mn) = wv,w,x}U{u;/1 < i < myU{r;/1 < j < n}and
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E(Jmn) ={(wu)/1 <i <m}U{(v,y)/1 <j < njU{(w,w), (u,x), W, v), (W, x), (x,v)}
Define C: V(]m’n) - {1,2,3,4,5} as follows:

Clu)=2,w)=4,C(x)=1,C(v) =3,C(uy) =5,C(v;) =5 and assign for the
rest of the vertices any of these five colors. Then C is 5-pseudo complete 2-coloring of J,, , and
hence P2 (]m,n) = 5. Claim: 1?2 (]m’n) < 5. Suppose P2 (]mn) = 6 under some optimal pseudo
achromatic d-coloring obviously f will assign distinet colors to the higher degree vertices.

Therefore the colors of u, v, w, x must be distinct. Now the 6™

color must appear on the pendent
vertices of [, . Since x and w are not adjacent to the pendent vertices there exists atleast one

color pair with distance d having no edge between them in [, ,, a contradiction. Hence

VZ2(Jmn) < 5. Therefore Y2 (Jon) = 5.

The figure below shows the 5-pseudo complete 2-coloring of the Jelly fish graph Js 4

o ‘\\ % 3 4 X

Uy 5 U, Hus 2 Uy Jus 4 v, H vy R Jv, 5

Figure (1)

Theorem 1.4: Let G be any graph. Then the 1 crown graph GOK;; obtained from G by

identifying the central vertex of Kj ;with each vertex of G. Then P4 (G OKM) =y +1.
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Proof: Let V(G) = {uy,uy, .. up}. Let V(GOK; 1) = V(G)U{uy,uy, ....u,} and
E (GOKM) = E(G)U{(u;, w;)/1 < i < p}. Let f be any pseudo complete d-coloring of GOKj ;.
Let f(V(G@KM) = f(V(G) = {1,2,..,9} and let the set of vertices in {u;, Uy, ... u;,} which are
adjacent to the vertices of G receiving colors 1,2,...d-1 assigned colors ¥ — (d — 1) + i where
1<i<d-1 and the remaining vertices of {uj,uy, ... u;,} assigned the color ¥ + lunder f.
Then f is a ) + 1 —pseudo complete d-coloring of GOK; 1 and hence g (GOKM) =Y+ 1 We
claim ¢ (G@Kl,l) =1 + 1. Suppose f uses P + 2 colors then (P + 2)" color has to be
adjacent with the ycolors of G and the set of vertices u; receiving the (3 + 1)t* color with the
distance d . Suppose f has a few redundant vertices where one of the y-colors is used. We can
recolor any such vertex with the (Y + Z)th color. But as the maximum number of colors used in
a pseudo complete d-coloring of G is v, (Y + 2)t" color must have non adjacency with some of

!
the y-colors of G. Those colors cannot be assigned to the vertices u; and hence results in atleast

l
one pair of colors in which (i + 2)* color is present with no edge between them, a

contradiction. Therefore |f| < 1 + 1 and hence Y2 (GOK; 1) = ¢ + 1.

Theorem 1.5:1.et k andd be positive integers with k > 2d. Let C,, be the cycle on n vertices. Then
Ya(C,) = 2k — 1,2k or 2k + 1 according as:(k —d)(2k —1) <n < kQRk—-2d+ 1)+ k-1
or kQRk-2d+1D)+k<n<(k-d+1)2k+1)—1 or (k—d+1)Rk+1)<n<
(k—d+2)Q2k+1)—1.

Proof: First observe that, for any n,d there is a unique k such that (k—d)(2k—1) <n <

Y (p—-2d+1)
2

(k—d+2)2k + 1) — 1. If Y&(C,) = P,then C, contains atleast edges and hence

PO < . Therefore %¢(C,) < 2k if (k—d)2k-1)<n < (k—d+1)(2k+1) -1

and2k+1if (k—d+1)QRk+1)<n<(k-d+2)2k+1)-1
Case (i (k —d)Rk—1)<n<kQRk-2d+1)+k—-1

Clearly Y& (C,) < 2k suppose Y2 (C,) = 2k. Let f be any 2k —pseudo complete d-coloring of C,,
with color classes V1, V;, ...V, where for 1 < i < 2k, V; be the set of vertices, receiving color c;.
Obtain a new graph G* with vertex set vq,V,,...vz,. The edge set E(G*) is obtained by
introducing S;; edges joining v; and v; where S;; = |[V“ IG” with Dy (i,j) = d is the number of

edges of C, having one end in V; and other end in V;. As f is 2k —pseudo d-complete, S;; = 1 for
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each i # j. Clearly G is Euclerian and an Euler Tour of G* can be obtained by traversing in the
order of the vertices of Cyalso f is 2k —psuedo  d-complete, the underlying graph of G* is G%,.
To obtain an Bulerian super graph of the odd,regular graph G$, we have to add atleast k new
edges. Hence n > k(2k —2d + 1) + k, a contradiction. Hence Y2(C,) < 2k — 1. To obtain
equality, we have to obtain a (2k — 1) —pseudo complete d- coloring for C,. For this consider
G%._ and label its vertices by vy, V5, ... Vi _1. Let T be any euler tour of ng_l. If the i*" edge of
T is say v, v; then color the it" vertex of C—ay(2k—1) by ¢;. This yields a 2k —
1) —pseudo complete d-coloring of Ctk—a)zk—1) With (2k — 1) —colors. Now this coloring of
Ck—a)2k—1) can be extended to (2k — 1) —pseudo complete d-coloring of C,, by subdividing an
edge e = (U, v) of Cy—gyczk—-1) " — Clk—a)(2k—1) times and assigning to each new vertex either

the color of u or the color of v. Hence Y& (C,) = 2k — 1.
Case2 k(2k —2d+ 1) +k<n<(k—-d+1Q2k+1)-1

Once again P& (C,) < 2k. To establish the equality, consider a perfect matching F of ng and
obtain a new graph Gg,: from ng by duplicating the edges of F. Clearly Gg,: is 2k —2d +
Z—regular and hence it is eulerian. Let T be the euler tour of &24d* As in case (i), T gives 24
pseudo complete d-coloring for the cycle Cyzx—24+1)+k- Using the subdivision method as in case

(i), we can obtain a 2k —pseudo complete d-coloring for C,,.
Case (iii) (k —d+ 1DR2k+1) <n<(k-d+1)QRk+1) -1
Here consider the graph G gk +1 and its Euler tour T and proceed as in case (i).

The figure (2) below shows G2 from G2 by duplicating the edges (1,4),(2,5),(3,6) which
2k — 2d + 2 = 4-regular.
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Figure (2)

Corollary 16: Let P, be the path of length n—1. Then Y&(P,) = 2k — 1,2k or 2k +1
according as k—d)Rk-1)<n<kQRk-2d+1)—1,kRk—2d+1)<n<
(k—d+1)Rk+1D) -1 or (k—d+1)Rk+1)<n<(k—d+2)(2k+ 1) — 1. This can

be proved on similar lines as in theorem 1.5.

Theorem 1.7: Let ny, n,, ....,n,,,d be positive integers, where m > 3, n; <n, < ....<n,, and

< n—(m-1)d+1

n+(m—1)d+1=4d. Also let n, < > +1 where n=}n;. Then K, ,,, . is

[n+(m—1)d+1

. J —pseudo complete d-colorable graph and 2 (Kn an“"_,nm) = lnﬂmgﬁj

Proof: Let V; = {vi]-/l <J< ni} denote it partite set of K* = Kningymy,- For 1<i<m,
color v;; by C;_1)g+1. Now arrange the remaining vertices V. = V(K*) — {v;;/1 < i < m} in
the lexicographic order with respect to the indices i,j of v;;. If n and m are of the same parity,

then color the n —m vertices of V' with colors ¢;,¢3,...C4 €441, - Cn+m-1)d+1 , C2,C3, «.. Cg, .
2

respectively in order. This color will be pseudo d- complete if and only if there is no positive

. , , n+(m-1)d+1 . . . 17! .
integer j,where md +1 <j < nptm—Dd+1 such that the set of the vertices of V  corresponding
to the sequence Gj,Cj+1s - Cntn=1)d+1 ) Cmg 41, - G is contained in some partite set of K*. But

2

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

18| Page




n+(m-1)d+1

. + 1 and hence

+1A-D+({-—md) =

. . . . n+(m—-1)d+1
the cardinality of such a set is —

taking into account, the initial vertex of this partite set, this partite set should contain

n+(m—-1)d+1

> + 2 vertices. But this is not the case as per our hypothesis. Hence the given coloring

+(m—-1)d+1

. . . . n . .
is a pseudo complete d-coloring of K*using l . JC()]()I’S when n and m are of same parity.

1t nandm are of opposite parity, color the vertices of V with

Cind 415+ +++ Cnt(m—=1)dy Cipd 41» ++s =+ Cnt(m=1)d, Cmd 41, - Tespectively in order. Once again this
2 1

+(m—1)d+1
LJ colors. Hence & (K*) =

. . . . . n
coloring yields a pseudo complete d-coloring of K™ using l

n+(m-1)d+1 . . . . . .
[—J To establish equality, consider any pseudo complete d-coloring ¢ of K* with

2
YE(K*) = . Let C; = {c;/c; is assigned to exactly one vertex of K*}and C, = ¢(V(K*) — C;. Let
|C;l=x; for i=12. Then we have x;<(m-—-1)d+1 and x;+x,=19. If

[n+(m—1)d+1J n+(m—1)d+2
2

\|/>

, X1 + 2x, < n and hence 2y < x; + n. Suppose y= which implies

n+(Mm—1)d+2<x;+n then (m—1)d + 2 < x4, a contrtadiction. Therefore P& (K*) =

ln+(m;1)d+1J.

2. Further results of pseudo-d-achromatic number using Partition graphs

The chromatic, achromatic and pseudo achromatic numbers were defined by
Sampath Kumar and Bhave [5] in terms of the partition graphs. Now we define d-chromatic
number x4 (G), d-achromatic number 1% (G) and pseudo d-achromatic number Y2 (G) in

terms of Partition graphs.
Definition 2.1: Let P be a partition of V(G) of a graph G. The Partition graph P(G) of G is a
graph with point set P = {V3,V;, ... Vi } where V; and V; are adjacent if there exists v; € V; and

v; € V; such that v;v; is a line in G.

Definition 2.2: Let k and d be positive integers with k > 2d. A partition is complete with respect
to (k,d) —coloring if P(G) = GZ. Let p(G) denote the class of all partition graphs of G, and
p(G) denote the class of all partition Graphs of G which are homomorphic images of G. It is easy

to see that

Lemma 2.3: For a graph G, n and d be positive integers with n > 2d.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

19| Page




D x*(6) = min{n/G{ € p(G)}
2 P4(6) = max{n/G} € p(G)}
3) Y&(G) = max{n/G¢ € p(G)} whereas P, (G) = max{n/K, € p(G)}

Theorem 2.4: For any graph G and any point u € V(G), 4 (G) = Y& (G —u) = P¢(G) — 1

Proof: Let &(G —u) =n. Let n,d be positive integers with n > 2d. Then there exists a
partition P = {Vll, VZI, Vn'} with respect to d-coloring of V(G) — {u} such that P (G —{u}) =
GZ. Now since P = {V; U{u},V,, ..., } is a partition of V((+) such that P(G) = G4. 1t follows
that & (G) = Y& (G — w). To prove the other inequality, suppose Y& (G) = n, then there exists a
partition P of V(G) with respect to d-coloring such that P(G) = G2. Let u € V; € P. Clearly the
points of P — {V;} induces GZ_; as subgraph in P(G) and hence Y& (G —u) = n—1 = ¢P2(G) —
1. Thus we get P& (G) = Y3 (G —u) = ¢P2(G) — 1.

Theorem 2.5: For any graph and a line e € E(G), Y2 (G) = Y2 (G —e) = yP2(G) — 1

Proof: Suppose PZ(G) = n. Let n,d be positive integers with n > 2d. Then there exists a
partition P of V(G) such that P(G) = G with respect to d-coloring of G. If the line e joins a
point of V; to a point of V; where V;,V; € P,i # j then the partition PP=pP- {Vi, V; }U{Vl UV]'} of
V(G) will be such that P’ (G — {e}) which induces GZ_; as subgraph. Hence P2 (G — e) >
n—1=12(G) — 1 on the other hand, if P is a partition of V(G) such that P (G — {e}) = G¢
with respect to d-coloring of G where m = Y& (G — e)then for the same partition P, P(G) = m

and hence Y2 (G) = m = ¢P2(G — e).

Theorem 2.6: For any graph G, with Y2 (G) > % (G) there exists a line x such that Y2 (G —
r=ysdc

Proof: Let & (G) > (G) and Y& (G) = n where n, d are positive integers with n > 2d. Then
there exists a partition P of V() such that P(G) = G¢ with respect to d-coloring of G. Clearly
the partition is not homomorphic, for otherewise P& (G) = n. Hence there is a line joining
points of the same set V; of P. This line x will be such that P(G — x) = GZ. Therefore Y& (G —

x=72 but by theorem 2.5, YsdG—x<n.'Thus YsadG—rx=n=ysdc.
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Remark 2.7: The converse of theorem 2.6 need not be true. The graph G in figure (3) has a line x

such that gbg (G—x)= l/)sd (@)

6 3

o o o °

Figure (3)
Here Y2 (G) = Y2(G — x) = 5. But Y2(G) = Y?(G) = 5.

Theorem 2.8: If G is a graph with q lines then ¥4 (G) < Y2(G) < r where r is the maximum

integer with g > rir=2d+1)

Proof: Let 2(G) =n where nand d are positive integers with n > 2d. Then there exists a
partition P of V(G) such that P(G) = G2 with respect to any d-coloring of G. Then G has atleast
w lines. Hence q = w. If G = qK, where q = % then Y2 (G) = r. This
shows that the bound is attained.

Definition 2.9: A graph H is a partition realizable from a graph G, if P(G) - H for some
partition P of V(G).

Lemma 2.10: If G is a graph with q lines and no isolated points then G is a partition realizable

from gK,
that is a graph with q copies K.

Lemma 2.11: If H is a subgraph of G, gandg, are the number of lines in G and H respectively,

then G is a partition realizable from HUrK, where r = ¢ — q;. In lemma 2.10 and 2.11, in
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forming the partition graphs we observe that no lines of G are destroyed and hence the partitions

are homomorphisms of G.

Theorem 2.12: If a and b (@ > b > 2d) are two positive integers then there exists a graph G with

Ya(G) = Y&(G) =a and y4(G) = b

Proof: let G = GgUTKZ where 7 = a(a—§d+1) - b(b_idﬂ). Then by lemma 2.11, there exists a
partition P of V(G) with P(G) = G&. Hence with respect to any d-coloring of G, P& (G) > a.

(

a(a—2d+1) ,. e . . .
Also G has f) lines. Hence P2 (G) < a. Thus Y& (G) = a.Since P is a homomorphism of

G, we have l,l)d (G) = a and )(d (G) = b follows since Gl‘f is a component of G and every other

component of G is K,. Hence the proof.

Definition 2.13: A graph G is k-achro-d-critical if ¢ (G — x) < Pp?(G) = k for every line x in
G where k > 2d.

Theorem 2.13: If G is k -achro d-critical where k = 2d then G has exactly k(k_;& lines and if

P4 (G) = k and G has w lines then G is k-achro d- critical .

Proof: Let G be k -achro d-critical graph, let P(G) =G ,‘f where P = {V;,V,,..V,} is a
homomorphism with respect to d-coloring of G. Then each set V; is independent and there is only
one line joining V; and V; in G with D (i,j) = d where i,j € {1,2,..,k},i # j. This implies G
has exactly @ lines. Conversely, if ¢ (G) = k and G has exactly w lines then for

any line x in G we have P4 (G — x) < k by theorem 2.8. Hence G is k -achro d-critical.

Theorem 2.14: A graph G is k -achro d-critical if and only if it is k -pseudo d-critical (that is k
edged d-critical)

Proof: Let G be k -pseudo d-critical then there exists a complete partition P = (V,V;, ... V}) of
V(&) such that P(G) = G ,‘3 with respect to d-coloring of G. We claim P is a homomorphism of G.
For suppose V; € P is not independent and x be a line of G with both ends in V;, then for some
partition P of V((), we get P(G —x) = G,‘f. This implies that Y2 (G — x) =k, which is a
contradiction. Thus P is a homomorphism of G. Hence % (G) = k, but Y4 (G) < p2(G) =k
which implies Y4 (G) = k. Also for every line x of G, P¢(G —x) < PYI(G —x) <Y (G) =k
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(since G is k pseudo d-critical) . Therefore we get ¢ (G — x) < k. Hence G is k -achro d-critical.

. . .. . k(k—2d+1) .
Conversely, suppose G is k -achro d-critical. By theorem 2.13, G has BE24D) e,

Hence by

theorem 2.8, Y2 (G) < k = Y4 (G). But we have k = P4 (G) < P2(G). Hence P2 (G) = k. Again

by theorem 2.8, Y& (G — x) < k for any line x. Hence G is k -pseudo d-critical.

Definition 2.15: An k -edge d-critical graph is one which is k -pseudo d-critical (hence k -achro

d-critical).
Construction of k -edge d-critical graphs:

Let H be a subgraph of G. Then we shall denote the subgraph of G- obtained by deleting
all lines of H and the resulting isolated points in G by G — H. It is clear that

Lemma 2.16: Let a graph H be partition realizable from G and H; be an induced subgraph of H,
then 1) H; is a partition realizable from an induced subgraph G; of G. 2) H — H; is a partition

realizable from G — G.
We observe that G — Gf_, = Kij—2q4+1U(d — 1)K, where k > 2d.

Corollary 2.17: If G ,? where k = 2d is a partition realizable from G, then there exists an induced

subgraph G; of G such that

©) G 1?—1 is a partition realizable from G; and

(1)  Kig—2¢+1U(d — 1)K; is a partition realizable from G — G;.

The above lemma suggests a method of constructing k -edge d-critical graphs from the set of all
(k — 1) —edge d-critical graphs. The method is as follows. We consider the graphs with no

isolated points.

Let {G;} be the collection of all (k — 1) —edge d-critical graphs and {H}} be the collection
of all graphs with k —2d+1+d—1=k —d lines such that Ky, _,54,1U(d — 1)K, is a
partition realizable from H;. Since G ,‘3_1 is a partition realizable from G; and Ky j_,441U(d —
1)K, is a partition realizable from H;, G,‘f is a partition realizable from G each of the graphs

k(k—2d+1) lines

formed below. Further each of the following graphs has exactly Hence each is k -

edge d-critical graph.
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Consider a graph G;. Let P = {V,V,, ... Vj._1} be a complete partition of V(G;). It is easy to
see that each H; has atleast k —2d + 1+ 2(d — 1) = k — 1 points of degree 1 say u, where
r=12,...,k — 1. Let G be a graph obtained from G; and H; by identifying some, all or none of
the points u,. with the points of G; such that no two points u, are identified with the points of
same set V; € P. We claim that any k-edge d-critical graph is isomorphic to a graph obtained
above. For, let G be k -edge d-critical graph and P(G) = GZ. Then as GZ_; is an induced
subgraph of GZ, there exists an induced subgraph G; of G such that G ff_l is a partition realizable
of G, and Kij—2q4+1U(d — 1)K, is a partition realizable from G — G£ by corollary 2.17.

ez (k—2d) lines

Therefore Glf has and hence it is (k — 1) —edge d- critical and G — Gi’ has k -d

lines. Therefore G is isomorphic to one of the graphs obtained above.
3. Some upper bounds of Y2 (G):

Let By, 5, g, @ denotes the point independent number, line independent number, point

covering number, line covering number respectively.
Theorem 3.1: For any graph G with p points, Y& (G) < p — B, + 2d — 1.

Proof: Let Y&(G) = r. Clearly there exists a partition P = {V;,V;,...V.} of V(G) such that
P(G) = G? where r = 2d with respect to d-coloring of G. Let S be the set of B, independent
points of G. Since any two V;,V;,i # j are adjacent in P((z), with |Vl -V |r > d. It can be seen
that V;UV; is not contained in S for all i,j. This implies atleast ¥ —2d + 1 of the sets in P
intersect V(G) — S. Thus,
r=2d+1<|V(G)-SI<p-P
xi=r<p-pBy+2d-1

Hence y¢ <p—fy+2d—1

Corollary 3.2: For any graph G, y3(G) < ay + 2d — 1 where a; is the point covering number of
G.

Proof: F'rom theorem 3.1, we get x4 (G) < p — By + 2d — 1—————1) where f3; is the point

independence number of a graph G. Already, we know that ag + By = p where g is the point
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covering number of G. Hence Sy = p — ag. Applying (1) we get y4(G) < p— (p — ap) + 2d —
1. Therefore ¢ (G) < ay + 2d — 1.

Theorem 3.3: For any graph G, () Y& (G) < 2B, +2d — 1 and (i) Y (G) < 2(p—a; +d) — 1

where f1, a1 be the line independence number and line covering number respectively.

Proof: (i) If 2 (G) = n where n = 2d then there exists a partition P of V() such that P(G) =
G,‘Zl with respect to any d-coloring of G. Also we have [5; (G,‘ll ) = %(n —2d+2) or %(n —2d+
1 according as n is even or odd. Hence we get, n<Zf16nd+24d—1 which implies
n< Zﬁl(P(G)) + 2d — 1. Therefore n < 28;(G) + 2d — 1. Hence Y& (G) < 2 + 2d — 1.

(ii)Moreover we have a; + ;1 =p = ag + fo. Therefore f; = p —a; where @y is the line
covering number of G. Substituting in (i) we get Y2(G) <2(p —ay) +2d — 1. Hence
Y@ <2(p-a+d)-1

4. Existence of graphs with the given pseudo-d-achromatic number

Theorem 4.1: For any positive integers m,n,d such that m > nand m +n = d there exists a

graph whose pseudo-d-achromatic numberism +n+d + 1.

Proof: Construct a graph and call it G,, , which is a bipartite graph with a complete bipartite
subgraph. This graph has bipartition (4, B) where A is {uy,uy, ..., u, JU{y1, v2,.. v, } and B is
{v,v9, o, 1 JU{X1, %2, .. 20 ). E(G) = {(ui,xj)/l <i<ml1<j< n}U{(vi,yj)/l <i<

m1</<nUyixj/1<i<n1<j<nUuiv;/1<i<j<mUwv,uvyn.
Lower bound: Let us color the graph G,, ,, as follows:

e Forl<i<m,coloru; withc;

e Forl<i<m,colorv; withc;,q4

e Forl<j<mn,colorx; withc, g

e Forl<j<mn,colory; withcy, 441
e Coloru with ¢ 4 q41

e C(olor v with ¢4
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This yields a pseudo complete d-coloring of G, with m+n+d+1 colors. Therefore

V¢ (Gun)Z=m+n+d+1
Upper bound:

G is asubgraph of K, 1y 11 m4n+1- Let f be a pseudo complete d-coloring of K, ,. Assume
| f (V(Kn,n)l >n+d+1 where d <n, this means there exists d + 1 colors, which are not
represented in one part (an independent set of vertices) of the graph. This means they must be
represented in other part which is also an independent set as it is a bipartite graph. Thus there
are no two vertices colored with ¢y, Cy,..,Cc451 that are adjacent. This is a contradiction to it
being a pseudo complete d-coloring of K, ,. Hence Y (Knn) <n+d+1. This means
P (Km+n+1,m+n+1) <m+n+d+1. Hence P& (Gmn) <m+n+d+1.  Therefore

V¢ (Gpp) <m+n+d+1.

The graph Gy 3 is pictured in the figure below with the double line meaning that the two set
of vertices are joined that is, every vertex in one subset is adjacent to every vertex in other subset.

Here & (G,3) = 11
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Figure (4)
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