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ABSTRACT

In this paper, we have shown the existence of positive solution of the equation u’ +
r(t)f(t,u) = 0 with the boundary conditions. We had showed the existence of at least one
positive solution based on if a function f is either superlinear or sublinear by simple application
of a fixed point theorem. The investigated solution in the classical Banach space of smooth
functions C([O,oo)) with regard to second order ordinary differential equation clearly

explained in this paper.
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1. INTRODUCTION

The theory of differential equation often times involves the theory of function spaces that are
defined in terms of properties of pertinent functions and their derivatives. Differential equations
modeled in Banach spaces have attracted the attention of many researchers throughout last
century. Most of the efforts are concentrated in the study of the initial value problem. In this
regard, we are going to investigate solution in the classical Banach space of smooth
functionsC([0,0)) . An ordinary differential equation arises in many different areas of applied
mathematics and physics; see [9,11] for some references along this line. In this paper we would

considered the second-order boundary value problem (BVP)

u +r®fwt) =0, 0<t<1 (1.1)

{ au(0) - pu’(0) =0, and where @,B,y,6 20 ( 1.2)

yu(1) + éu'(1) = 0.

By the positive solution of (1.1), (1.2), it means that a function u(t) is positive on 0 < t < 1 and
satisfies differential equation (1.1).

And we consider two versions of assumptions that will provide different results.
(H.1) f € C([0,00),[0,00)),
(H2) recC(0,1],[0,00)) and r(t) # 0 for t € [0,1].
H3) a,p,v,6=0 and letp=yB+ay+ad > 0.

The boundary value problem (1.1) ,(1.2) arises in many different areas of applied mathematics

and physics. Additional existence results may be found in [4, 7, 8, 10, 11] references.

2. Premilinaries

Theorem 2.1 Let E be a banach space, and let K € E be a cone in E. Assume Q4, Q, are open

subsets of E with 0 € Q;,Q; S Q,, and let

RKN(Q, \Q) - K
be a completely continuous operator such that either

i JRull < llull,u e KnaQ,;, and ||Rull = |lull,u € KnaQ,; or
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ii. JJRull =llull,ue KnaQ,, and ||Rull < |lull,u € Knaq,.

Then R has a fixed pointin K n (Q, \ Q;)

Our purpose here is to give an existence result for positive solutions to the BVP (1.1) (1.2)
assuming that f is either superlinear or sublinear. We do not require any monotonicity

assumptions on f. To be precise, we introduce the notation

@
u
f@

i. £, = lim,, %
u

i fO = limu_,o

Thus, fp =0 and f, =0 correspond to the suplinear case, and fy = and f, =0
correspond to the sublinear case. By a positive solution of (1.1), (1.2) ,we understand a solution
u(t) which is positive on 0 < t < 1 and satisfies the differential equation (1.1) for 0 <t <1
and the boundary conditions (1.2) .By a change of variable , the existence of a positive of (1.1),
(1.2) may be shown to be equivalent to the existence of a positive radial solution of the semi
linear elliptic equation Au + g(|x|)f(u) = 0 in the annulus R; < |x| < R, subject to certain

boundary conditions for R; = |x| and |x| = R, we refer to [10] for some additional details.

Lemma 2.2 Let af= 1. Then, for r € C[0; 1], the boundary value problem (1.1) , (1.2) has the
Unique solution

The proof of (2.1) follows along the lines of the proof that is given in [7] and

Hence we omit it.

3. The Existence Results

The main result of this paper is to investigate at least one positive solution in the case of

suplinear and sublinear case.

Theoreml: Assume (H.1)-(H.3) hold . Then the BVP (1.1), (1.2) has at least one positive

solution in the either case.

i. fo=0 and f, =o (sup linear) ,or
ii. fo=0 and f, =0 (sub linear)

It will be seen in the proof that theorem 1 is also valid for the more general equation
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AD* v +f(tuw)=0
with the boundary condition (1.2), provided we assume a certain uniformity with respect to the t
variable. We state this more general result as:

Corollary 1: Assume f is continuous, f(t,u) = 0 fort € [0,1],and u = 0 with f(t,u) # 0 on
any subinterval of [0,1] for u > 0; and let (H.3) hold. Then the boundary value problem (1.1)*,
(1.2) has at least one positive solution in the either case.

a. limu_)0+maxte[0,1]¥= 0 and limuﬁwmaxte[oll]]%: o or

@

u

f@ _

b. limu_)0+minte[0’1] =o and limu—momaxte[o,l] u

The proof of theorem (1) will be based on application of the following fixed point theorem
(theorem 2.1). The proof of the corollary (1) follows from the proof of theorem (1) with obvious
slight modifications which we shall omit. We will apply the first and second parts of the above
fixed point theorem to the superlinear and sublinear cases, respectively.We are going to see into
ways .

Case | superlinearcaseie f, =0 and f, = o0

Since (1.1) and (1.2) has a solution u = u(t) iff u solves the operator equation

1
u(t) = f G(t, s)r(s)f(u(s))ds = Ru(t)
0

Where G(t,s) denotes the green’s function for the boundary value problem

u (£)=0 (2.1)
au(0)—Bu () =y u(@)+6u(1)=0 (2.2)

And explicitly given by

1(7""5—)/15)(,3+as),0SSSts1
G(t,s) =
kz(ﬁ+at)(y+5—ys)'03t35Sl
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Consider k be cone in C[0,1] given by:

1
K=@ecmﬂnmozammmozmmmZStsyQ (2.3)
_ . (y+4s  a+4ap
Where|lull = supgo.jlu(t)| and M_nmqazﬁzﬁﬁ} (2.4)
Next, let us define
wit)=@F+6—yt) ,Yp@)=p+at (2.5)

So that

Lw®ys),0<s<t<1

=1 26
R %W(S)tﬁ(t),OStSSSl (26)

In this we observe that G (t,s) < w(s)yY(s) =G(s,s), 0<t<s<1

So that, if u € k, then
1 1
Ru(t) = f G(t,s)r(s)f(u(s))ds < j G(s,s)r(s)f (u(s))ds (2.7)
0 0

Hence ||Rull < f01 G(s,s)r(s)f(u(s))ds (2.8)

Furthermore, for

(w(t) Ify+46
Gts) _ QWS)'SQ 44(y+6)
Giss) |} y@ | @« +48

v =% G+’

D> Mi<t<3/4

So sy =

Hence, ifu € k

1
min Ru(t)zlmin fG(t,s)r(s)f(u(s))ds

F<t<3/4 7<t<3/4J0
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1
> Mf G(s,s)r(s)f (u(s))ds
0

> M||Rul|

Therefore,RK c K. Moverover ,it is easy to see that R: K — K is completely continuous .

Now, since f, = 0, we may choose A4; > 0 so that f(u) < nu, for 0 < u < A;, wheren >0

satisfies n fol G(s,s)r(s)ds < 1 .ovverennee, (2.9)

Thus if u € K and ||u]| = A; then from (2.7) and (2.9)
Ru(t) < [, G(s,5) () f(u(s))ds < lull, 0 < ¢ < 1o (2.10)

Now, if we consider Q; :={u € E:|[u|]l < A1}oeveveveciiiee (2.11)

Then now (2.10) shows that ||Ru|| < |lull,u € Knd n; . Further, since f,, = oo, there exists

A, > 0 such that f(u) = uu, u = A, where u > 0 is chosen so

that Mu ff)/i“K(l/z ,$)r(s)ds = Tunn, (2.13)

Let consider A; :== Max {ZAl,AZ/M} and Q, :=={u € E:||lul]l| < A,}.Thenu € K and ||u]| = 4,
implies mir11/4<t<3/4 u(t) = Mllul| > A, and so
1 3/,
Ru(/y) = | 6(Yg.5) rf(u(e)d 2 fl/ 6(Y/.5) r()f (u(s))ds
0

4

Hence,||Rul| = ||u|| for u € KnoQ,

Therefore, by the first part of the fixed point theorem, it follows that R has a fixed point in KnQ,

Q. such that A; < ||lu|| < As.Further, since G(t, s) > 0, it follows that u(t) > 0 for0 <t < 1.
Therefore, this completes the super linear part of the theorem.
Sublinear case: Suppose next that f, = oo and f,, = 0.

We first choose A; > 0 such that f(u) = uM for 0 < u < A; where

3
uM fl//: G(l/z,s)r(s)ds 3 R (2.14) where M is as in the first part of the proof.
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Then for u € K and ||ul| = A; we have Ru(l/z) = fol G(l/z,s) r(s)f (u(s))ds =

R 6 (1, 5) () (u(s))ds

>u flg//: 6(1/2 ,s) r(s)u(s)ds

> uM|lul ff/{f 6(1/,,5)r(s)ds > Ilull , by (2.14)
Thus ,we may let Q; := {ueE: [|lu|| < A1} so that ||Rul| = |lul| foru € K n dQ;.
Now, since f,, = 0,there exists Az > 0 so that f(u) < Au for u > A3 where A > 0 satisfies
/1f01 G(s,)T(S)dS <1 oo, (2.15)
We consider two cases.

Case 1: Suppose f is bounded, say f(u) < N, for all u € (0, )

In this case choose A,: = Max {2A1,N fol G(s,s) r(s)ds} so that for u € K with ||u|| = 4,.We
have Ru(t) = [ G(t,s)r(s)f (u(s)) ds < N [ G(s,5)r(s)f (u(s)) ds < 4,

and therefore ||Rul| < ||lull.

Case 2:If f is unbounded ,then let A; > max{2A;, A,} and such that

fw) < f(A,) [for 0 < u < A, since f is bounded .

Then for u € K and ||u|| = A,,we have Ru(t) = fol G(t,s)r(s)f(u(s))ds

< fol G(s,5)r(s)f (u(s))ds
1
< f G(s,5) r(s)f (A,)ds
0

< 4, [, G(s,5)7(s)ds < Ay = |lul
Therefore, in either case we may put;

Q, = {uekE: ||u|| < A,}, and foru € K n dQ,, we have ||Rul| < ||lu|l. By the second part of
the fixed point theorem it follows that boundary value problem (BVP) (1.1) and (1.2) has

positive solution and this completes the proof of the theorem .
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4. Conclusion

Therefore our conclusion is that the fixed point theorem is a basic criterion for the existence of
positive solution of second order ordinary differential equation in Banach space .The main result
of this paper is to investigate at least one positive solution in the case of sup linear and sub linear
cases. Hence in both cases, existence of positive solution for second order ordinary differential
equation has been granted.
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