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ABSTRACT 

 

             Sylvie Corteel and Jeremy Lovejoy [7] defined  overpartitions and George E 

Andrews derived formula for the number of smallest parts of partitions of a positive integer 

n. In this paper we derived the formula for the number of smallest parts of overpartitions of a 

positive integer n by using the concepts of r overpartitions .   

 

Keywords:  partition, overpartition , r overpartition , smallest parts of the partition  and 

r overpartition  of  positive  integer  n. 

 



INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT 

VOLUME-2, ISSUE-3 (March 2015)                                                         ISSN: (2349-0322) 

 

  A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories. 

                International Research Journal of Mathematics, Engineering & IT (IRJMEIT)  

                  Website: www.aarf.asia. Email: editoraarf@gmail.com , editor@aarf.asia     

   Page 24 

Subject classification: 11P81    Elementary theory of partitions.  

 

Introduction: 

An overpartition of n [7] is a non increasing sequence of natural numbers whose sum 

is n in which first (equivalently, the final) occurrence of a number may be overlined. We 

denote the number of overpartitions of n by  np . Since the overlined parts form a partition 

into distinct parts and the non – overlined parts form an ordinary partition, the generating 

function for the number of overpartitions is  
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For example, the 14 overpartitions of 4 are 

                             4, 4 , 3+1, 3 +1, 3+1 , 3 1 , 2+2, 2 +2, 2+1+1, 2 +1+1, 2+1+1,    2 +1+1, 

1+1+1+1, 1+1+1+1       

Let  n
 
denote the set of  all  overpartitions of  and   p n  the cardinality of  n

 
for 

. If  write  rp n  for the number of overpartitions of  each consisting of 

exactly parts, i.e ofr overpartitions n . If  we write   0rp n 
 

If we write   0
r

np  .Let  ,k np represent the number of overpartitions of  

using natural numbers atleast as large as only. 

  Let  nspt  denote the number of smallest parts including repetitions in all overpartitions of 

. For  let us adopt the following notation. 

                                 
 sm  number of smallest parts of  . 
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1.1 Existing generating functions are given below. 
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1.2: Derivation for :r overpartitions  
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By induction, we get 
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And also we observe that the generating function for the number of overpartitions is     
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1.3  Theorem:   

       
1 1 1 1

2 (1.3.1), 1,
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Proof : [2] Let   11 2

1 2 1 2 1( , , ... , ) = , ,..., ,l l

r ln k
        

 be any r partition of n with l 

distinct parts. For corresponding to it there are 2l  times r overpartitions  of .n                                                                                  

(1.3.2) 

Case 1:[3] Let lr t   that means r t k    

Subtract all 'k s , we get  11 2

1 2 1, ,..., l

ln tk
    

   

Hence  11 2

1 2 1, ,..., l

ln tk
    

   is a  r t partition  of n tk with 1l -  distinct parts  

and each part greater than 1k  . For corresponding to it they are 
12l
 times 

 r t overpartitions   of n tk . From (1.3.2) we know that the total number of 

r overpartitions are 2l . 

Now we get, 2  times the number  1,
r t

p k n tk


  of r overpartitions from r partitions

of n with exactly t  smallest elements as k. 

Case 2: Let lr t   that means r t k    

Omit 'k s from last t  places, we get  11 2

1 2 1, ,..., ,l l t

ln tk k
      

   

Hence  11 2

1 2 1, ,..., ,l l t

ln tk k
      

  is a  r t partition  of n tk  with l distinct parts 

and the least part is k . For corresponding to it, there are 2l
times of r overpartitions of

n tk with least part .k  

Now we get the number  ,
r t

f k n tk


  of r overpartitions  from a r partitions of  

n  with more than t smallest elements as k. 

Case 3: Let lr t   that means all parts in the partition are equal. For each r partition

with equal parts have 2  times of r overpartitions of n. 

From cases (1), (2) and (3) we get r overpartitions of n with t smallest parts as k is 

    2, 2 1,
r t r t

f k n tk p k n tk 
 

   
 

                     where 1 if | and 0 otherwiser n  
 

      2, 1, 1,
r t r t r t

f k n tk p k n tk p k n tk 
  

       
 



INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT 

VOLUME-2, ISSUE-3 (March 2015)                                                         ISSN: (2349-0322) 

 

  A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories. 

                International Research Journal of Mathematics, Engineering & IT (IRJMEIT)  

                  Website: www.aarf.asia. Email: editoraarf@gmail.com , editor@aarf.asia     

   Page 27 

    2, 1,
r t r t

p k n tk p k n tk 
 

    
 

 

The number of partitions of n with equal parts is equal to the number of divisors of n. Since 

the number of divisors of n is  .d n Then the number of overpartitions of n with all parts are 

equal is  2d n .  

From [5] and [6], the number of smallest parts  in overpartitions  of n is 
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1.4 Theorem:    1,
r r

p k n p n kr                                                       (1.4.1) 

Proof : Let  1 2( , , ... , ),r in k i      be any r overpartition of n . 

Subtracting each part by k , we get  1 2, ,..., rn kr k k k        

Hence  1 2, ,..., rn kr k k k      
 
is a   r overpartition of n kr . 

Therefore the number of r overpartitions of n with parts greater than or equal to 1k  is
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Proof: From theorem (1.3.1), we have 
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Where  d n is the number of positive divisors of n . 

From (1.1.1)  
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1.6 Corollary: The generating function for the number  
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overpartitions of n which are multiples of c is  
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1.7 Corollary: The generating function for the sum of smallest parts of the second 

overpartitions  of n  is  
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Proof:The  generating function for the sum of smallest parts of the second overpartitions  of 

a positive integer n is  
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where  d n is the number of positive divisors of n . 

From   (1.1.1)   
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