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ABSTRACT
In this note I have explored a new generalization of Jacobsthal sequence using some arbitrary

real numbers and derived relation among them.
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[11 Introduction: Jacobsthal Sequence [3] is defined as

n>2 (1)

oo 0 o0 .
Let us define two sequences {a, }i: o and 1B, }i:O where a, b, ¢ and d are arbitrary real numbers

such that
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On setting a-b and c-d, the sequences {o }" and {p,}" will coincide with each other. In

particular on setting a-b-0 and e-d-1 we get the Jacobsthal sequence and setting a-b-2 and c-d-1

we get the Jacobsthal -Lucas sequence. The first ten terms of the sequences defined above are :

n oy Ba
0 a b

¢ d
2 2b+d Ra+c
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3 Ra+c+2d 2b+2¢+d

4 4a+2b+4c+d Ra+4b+c+4d

) 2a+8b+be+6d Sa+2b+6¢+bd

6 12a+10b+8c+13d 10a+12b+13c+8d

7 26a+16b+25c+18d 16a+26b+18c¢+25d

8 36a+50b+44c+41d 50a+36b+41c+44d

9 82a+88b+77c+94d 88a+82b+94c+77d

. . @ @©
If we express the members of the sequences {«}” and 1B, }i: o> When n >0 as

2 3 4
a,=T a+Fnb+Fnc+Fnd

| B.=90

1
ln 2 3 4 (3)
na+5nb+5nc+5nd

‘We obtain the eight sequences {Fii }io and{&ij }ZO , (G- 1,2, 3, 4. These eight sequences

are related to each other and to the Jacobsthal numbers. These relations are shown here in the

form of theorems.
[2]1 Theorems On Related Sequences

Theorem 1 :

@) r,+6.=3,,, n>0 © r’+s’=3,, n20
(b) r’+s5°=23_,, n>0 (@D rl+s'=3, n20

Proof: (a) This is obviously true if n - 0 and 1, since TI' +5, =0+0=0=J

Assume this statement be true for n =71 Then

r‘' +s6', =

n+1 n+1

1 1 1 1
5, +25 +I_ +2r By (®)

= (5; +1"n1)+ Z(Sif +I )

1 n-1
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=J,,+2), , (By induction hypothesis)
=J, (By definition of Jacobsthal number)

Hence (a) is true for all m 0 by mathematical induction. Similar proofs can be given for

parts (b), (¢) and (d).
Theorem 2: If n >0, then
(a) o+ =6 +6]
M) rl+r =6 +5
(e I, +T +T 4T, =6, +6' +6+6]
Proof: (a) Obviously this is true for n - 0 and 1. Let it be true for some integer n = 2. Then,
! 2 =

r +I

n+1 n+1

1425 +6°+285", By (2)
= (6t +5)+2(6, +52))
=(ler?)+2(r, +12)) (By induction hypothesis)
=(rl+or’ )+ (r?+2r?))
=0, 0, By (®

Hence, by mathematical induction (a) is true for all z = 0. Similarly we may have (b). Part (¢)

may have by addition of (&) and (b).

Theorem 3: If n > 0, then

@ 5, =T, ® s, =T,
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(© 5, =T, @ s, =r;
(e) Zr: :rn2+1 (f) Zr: :r:+1
(g) 25: = §n2+1 (h) 25: = 6n1+1

Proof: (a) The statement is true for n - 0, 1, 2. Let be true for integer n > 3. Then,

st =rl+or}l, By (®
= (6}, +25}) )+ 2(s}, +25} ) By (2)
= (r?, +2r? )+ 2(r}, +2r?)) (By induction hypothesis)
=5l +252, By (%
rt By (2

Hence, (a) is true for all z > 0 by mathematical induction. Similarly we can have other proofs.

Theorem 4: (a) L +T =6, 4867 =21 (n > 0)

n

M T =645, =1 (n>0)

Using theorem (2) we may follow the result.

Theorem 5 (&) Y T, =Y 6/ ® Yr/i=3s
(©) er=25i4 @ er:_zaf

Proof: (a) Since by Theorem (3) §° =] Vi=123...

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.
International Research Journal of Mathematics, Engineering & IT (IRJMEIT)

Website: www.aarf.asia. Email. editoraarf(@gmail.com , editor@aarf.asia

Page 67



INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT
VOLUME — 2, ISSUE - 6 (JUNE 2015) IF-2.868 ISSN: (2349-0322)

k k
1 2
X Li=297.
i-1 i-1
Similar Proofs can be given for other parts.
Theorem 6: o, , + f,., =23, ,(a,+ B,)+ I, ,(a,+ B,) (n=0)
Proof: The statement is true for n - 0 and 1. Assume this be true for some integer n > 2. Then,

an+3 + ﬂn+3 = (ﬂn+2 + 2ﬂn+1) + (an+2 + 20!n+1) By (2)

= (an+2 + ﬂn+2)+ 2(an+1 + ﬂnﬂ)

2) L (lay+ )+ 3, L, (a, + B,)+2{2]) (a,+ B,)+ I, (a, + B}

(By induction hypothesis)

2(J 0+ 23 Nag + Bo)+ (3, +20, e, + 5,)

=J, (e, +By)+2] ,(a, + B))
(By definition of Jacobsthal number)

Hence, by mathematical induction the statement is true for all integer n > 0.

Theorem ¥: 1If n -2, then

(a) r,=r’ +2r’, (e) s, =6, +28",
) r’=r. +2r,, @ sl =51 425,
(©) ri=r! +or’, €)) s§l=6' +25,
(@ r!=r’ +2r’, (h) st =51 4257,
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Proof: (a) The statement is true for n - 2 and 3. Let it be true for all integer n > 4. Then,

1
n+l T

T, =6,+25, By (2)

=T, 42l By Theorem (3)

Hence, (a) is true for all n > 0 by mathematical induction. Similar proofs can be given for

other parts.

[31 Further Scope:

0

The sequences{a | and{ g, }m

, can also be expressed as follows.

0 1

J a,,=a,, +2a, n=0 6))
| B, +28, nz0

( a,=a, a,=c¢, p,=b, g =d

I e =pr2a, o )
{ ﬂn+2:an+1+2ﬁn,n20

( a,=a, a,=c¢, p,=b, g =d

I e zanv2p, 0o )
{ ﬂn+2:ﬂn+1+2an,n20
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