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ABSTRACT

We have proved three results for the Appell’s functions of matrix arguments-one each for

the function F: and Fs and one for the function F. in complex case.

INTRODUCTION

Appell’s functions of matrix arguments have earlier been studied by Mathai [4, 5, 6] and also by
Saxena, Sethi and Gupta [7]. In the present paper we have utilized Mathai’s definitions for all the
functions studied. Upadhyaya and Dhani have given integral representation associated with
Appell’s Humbert’s functions of matrix arguments in the case of real symmetric positive
definite. We have given in this paper further generalization of these results in the case of
Hermitian positive definite matrix of complex number. All the matrices appearing in this in the
paper are (pxp) real Hermitian positive definite matrices and the meanings of all the other

symbols used are the same as in the works of Mathai [3, 4].

1. Preliminary Definitions

Definition 1.1: The Appell’s function F1 = Fi (a, b, b’; ¢; — X—Y) of matrix argument is

defined as that function for which the M-transform (Matrix-transform) is the following:
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M(F)=[X>0[Y>0 \)‘(\pgp Y|p;"Fa(a, b, b’ c;— X— Y)dXdY

_ LOG ()5, ()T, (@ —py —po)T, (0=p))T, (b —p,)

/e P2/ p T P (1.1)
[, @T, (b)), (b)), (c—p, —p,)

for Re (a— p1—p2, b—p1, b' — p2, C— p1— p2, p1, p2) > p-1
Definition 1.2: F» = F2(a, b, b’; ¢;— X-Y)

M (F2) = j§>oﬁ>o\i\pgp Y|p;"Fa(a, b, b ¢, ¢;— X— Y)dXdY

_ L, ()T, ()T, ()T, (p,)T, @ —py —p,)T, (b —p, )T, (0" —p,)

LAUCY Tl Al & (1.2)
L, @)7r, (b)I, (b)), (c—p,)T,(c—p,)

for Re (a— p1— p2, b—p1, b' = p2, €= p1, €' = p2, p1, p2) > p-1
Definition 1.3: Fs = Fs(a, &, b, b’; ¢;— X-Y)

M (Fs)= [X>0[Y>0 \i\p;p Y|p;"Fa(a, ' b, b’ c; — X— Y)dXdY

_ DO eIE, 0T, @=p,@ —p)F, (0-p))T, (' =p.)
T ()T, (@)1, (0)T, (0T, (¢ =Py —p2)

(1.3)

for Re (a—p1, @ — p2, b—p1, " = p2, €= p1—p2, p1, p2) > p-1
Definition 1.4: Fs = F4 (@ b;c,c;— X—V)

M (Fs)= [X>0[Y>0 [Xlp:? [Y[p3" Fa(a b; ¢, ¢ = X-Y) dXdY

_ LT, (@5, ()T, (p,)T, @—py —p,)T, (0—p, —p,)

AGYLAG 1 (1.4)
l_‘p(a)r‘p(b)r‘p(c_pl)l_‘p(C,_pZ)

for Re (a— p1—p2, b—p1—p2, C— p1—p2, p1, p2) > p-1
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Definition 1.5;: The Humbert’s function ®1 = @ (@ b; c; — Y—V) of matrix arguments is

defined as that function which has the following M-transform:

M (@) = j)? >0 j?>o Xlp:? [Ylp3" @1(ab; c;— X ~Y)dXdY
_ LOGEI (), @-py—p2)T, (0—p1) (L5)
1—‘p (a)rp (b)rp (C_pl _pz)

for Re (a— p1— p2, b—p1, C— p1— p2, p1, p2) > p-1

Definition 1.6: W1 = ¥, (@ b;c;— X—V)

M (¥1) = j)‘( >0 j? >0 [X|p;? [¥lp;"* Wai(a bic ¢ - X ~Y)dXdY
_ GO E (0T, ()T, (3~ py —p2)T, (0-p) (L6)
L@, (0)T, (€= p)F, (¢ =p2)

for Re (@— p1— p2, b —p1, €= p1 €' — p2, p1, P2) > p-1

Definition 1.7: ¥» = ¥, (@ c,c;— Y—V)
M () = j>_<>oj\7>o Xlp:® [Ylp;™* Wa(a ¢, ¢ - X ~Y)dXdY

_ LEOGEG ()L, (02), (a=p: —p2) an
I, (@)L, (D)T, (6 =)L, (€' ~p,) |

for Re (a — p1 — p2, C— p1, €' — p2, p1, p2) > p-1

Definition 1.8: =, = =, (@ b;c; - X—V)

M (Z2) = j)‘( >0 j\?>o \i\p;p Y|p;"* Za(a, by c;— X ~Y)dXdY
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_ OGP ()L, @-p)L, (b-p,)

pP1)7 pP2) (1.8)
I, @r,(b)r,(c-p,—p,)

for Re (a— p1, b—p1, ¢ — p2, p1, p2) > p-1

2. Appell’s Functions of Matrix Arguments.

THEOREM 2.1:
IPIB’ Filo, B, s v; — X, —P MY P 17

-1 ’ J'.T.>Oe_tr(ﬁ?) ITP" Du(a By - X-TY2Y T1?) 1)
I, ()

forRe (') >-1

PROOF: Taking the M-transform of the right side of eq. (2.1) with respect to the variables X

and Y and the parameters p; and p; respectively, we have,

j X >0 j Y >0 [X|p;? [V]p;> @1, Biy; - X-THY T¥)dXdY .22
Which, under the transformation

Yi= T¥®2Y TY2(withd Y. =|T[PdY and |Y:|=|T|Y))

and using the definition (1.5) yields,

LT, ()T, (p,)T, (@~ p;, —p,)T, (B —p,)

T e
L ()L, (BT, (v — P —p2)

.. (2.3)

Substituting this expression the right side of eq. (2.1) and then integrating out T in the resulting

expression by using a Gamma integral gives,
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L, (8" = po)T, (DT, ()T, (2)T, (@ =y = po)T, (B— )
L, (BT, (@, BT, (v = py —p,)

|P|P 4

Now, Taking the M-transform of the left side of eq. (2.1) with respect to the variables X and Y

and the parameters p; and p; respectively, we get,

ji >0 j? >0 [Xlpy® [Y]pz" 1P| x Fafo, B, Bx; v - X=P2Y PHdXdY .. (2.5)
Which, under the transformation

Y.= P2y P2 (withdY, =|P[PdY and|Y2|=|P[}Y])

and then using the definition (1.1) leads us to the same result as in eq. (2.4).

THEOREM 2.2: Forp = 2,

IP|—a’ Fa(a, (@' +1)/2,B, Qo +1)/4;y;— X, -4P 1Y -P Y

= [T 506" T Za(a, B;7i- X-T Y T)dT (2.6)
L, (a)

where Re (o) > p - 2.

PROOF: Taking the M-transform of the right side of eq. (2.6) with respect to the variables X

and Y and the parameters p; and p; respectively, we have,

ji >0 j? >0 [X|p;” [¥Y|p;" Zz(a, Bry; = X-T Y T)dXdY .27

Applying the transformation Y1 = TY T’ with Yi= |T|”1dY and |Y:| = TP |Y] to the

above expression and then using definition (1.8) produces,
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L, (T, ()T, (o) (o= )T, (B =)
1—‘p (a)rp (B)Fp (Y —P1— pz)

|T| ... (2.8)

Substituting this expression the right side of eq. (2.6) and then integrating out T inthe resulting

expression by using a Gamma integral leads us to,

|E|(a'—pz) fp(y) 1:P @1)fpgp2)fg(a_gl)fp(ﬁ_pl)fp (2=p,) ...(2.9)
I (@) ()L, (B, (v —py —p2)

Now, Taking the M-transform of the left side of eq. (2.6) with respect to the variables X and Y

and the parameters p; and p; respectively, we get,
[X>0 [ >0[Xlp;? [¥]p;? 1P| x

Fafo, (o +1)/2, B, Qo + 1)/4;y;— X, 4P 1Y P HdXdY ...(2.10)

o

Making use of the transformation

Yo =4P 'Y -P1dY, =4 |P[PdY and|Y2|=4p|P[?|Y|in above expression and then
using the definition (1.3) along with the observation that for p = 2,
ol +1)/2 - p, 1T, [0/ +1)/4 —p,] _ T,[(o +2-p,)]

47 _ = o7 .. (2.11)
T, [(o +1)/2]T, [(20 +1)/4] T,[()

from eq. (6.13) page 84 of Mathai [4], finally leads us to same result as in eg. (2.9) above.

It is to be noted that this result is different from the corresponding result in the scalar case.

THEOREM 2.3:

|5|—a’ I_:4 (a’ B! ,Y’,Yr; _5 -1/22 5 1/2, _5—1/2)
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== t 5 [T>0e DT Wo(Bryys - TEX T -TY THIT - ..(212)
(0
p

where Re (o) >p—1.

PROOF: Taking the M-transform of the right side of eq. (2.12) with respect to the variables X

and Y and the parameters p; and p; respectively, we have,
J‘Y >0 IV >0 WPIP Mp;” x

Wo By — T2X T2 _TU2Y T)gX dY ...(2.13)

Which, under the transformations

Xi= TRXTY2 Y= TY®Y T withdX: = |T[PdX,dY.=|T[PdY
and | Xa| = | TIX ], [Ya| [TIY]
and then using the definition (1.7) yields,

L, (N, 0O, ()T, (p,)T, (B =Py —p2)

T =2
LB, (y —p)L, (v —p2)

... (2.14)

Substituting this expression the right side of eq. (2.12) and then integrating out T in the resulting
expression by using a Gamma integral produces,

| p | (a—py—py) 1:p (V’)fp (V)ip (P1)fp (lefp (- PL™ P )1:9 (B—p—p5) ... (2.15)
Do (o (B)To(y— o) o (v = p2)

Now, Taking the M-transform of the left side of eq. (2.12) with respect to the variables X and Y

and the parameters p; and p; respectively, we get,

[X>0 [ >0[Xlp;? [¥]p;? 1P| x
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|PoFafo, Biyy;— P12X P12 P12 Y P12)dXdY ...(2.16)
Which, under the transformation

X2 = 4P 12X 5-1/21 Y2 = P-Y2Y P2 ith g Xz = |§|-pd§’

dY2=[PPdY and Xz | = [P[1|X| | Yo = P}V

and then using the definition (1.4) leads us to the same result as in eq. (2.15)
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