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ABSTRACT

In this paper, we introduce the concept of intuitionistic fuzzy B-ideals in B-algebra.
Homomorphism and anti-homomorphism functions are satisfied while applying the
intuitionistic fuzzy B-ideal concept. Intuitionistic Fuzzy B-ideal is also applied in Cartesian

product.

Keywords: B-algebra, B-ideals, Fuzzy B-ideals, Intuitionistic fuzzy B-ideals,

Homomorphism, Anti-homomorphism, Cartesian product.
1. INTRODUCTION

After the introduction of fuzzy subsets by L.A.Zadeh!”), several researchers explored
on the generalization of the notion of fuzzy subset.J.R.Cho and H.S.Kim!™ discussed relations
between B-algebras and other topics, especially quasi-groups. H.K.Park and H.S.Kin[
introduced the notion of Quadratic B-algebras. Sun ShinAhn and KeumseongBang™ have
discussed the fuzzy subalgebra in B-algebra.C.Yamini and S.Kailasavalli?! introduced the
notion of Fuzzy B-ideals.Atanassov!® introduced the concept of intuitionistic fuzzy sets,

which is a significant extension of fuzzy set theory by Zadeh. JiayinPeng™® introduced the
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notion of Intuitionistic fuzzy B-algebras. In this paper we introduce the Intuitionistic fuzzy
B-ideals and investigate how to deal with the homomorphism, anti-homomorphism, Cartesian
product of Intuitionistic fuzzy B-ideals and strongest intuitionistic fuzzy relation.

2. PRELIMINARIES

In this section we give some basic definitions and preliminaries of B-algebras and
introduce intuitionistic fuzzy B-ideals.

Definition 2.1: A B-algebra is a non-empty set X with a constant 0 and a binary operation ‘*’

satisfying the following axioms:

(1 x*xx =0
(i) x*0=x

(ii) (x*xy)*z =x*(z*x(0x*y)),forallx,y,z € X

For brevity we also call X a B-algebra. In X we can define a binary relation “<” by x < y if

andonly ifx *y = 0.

Definition 2.2: A non-empty subset I of a B-algebra X is called a subalgebra of X if x x y € I
forany x,y € I.

Definition 2.3: Let a be a fuzzy set in a B-algebra. Then « is called a fuzzy subalgebra of X

ifa(x*y) = alx)Aa(y) forallx,y € X.

Definition 2.4: An intuitionistic fuzzy set S = {< x, as(x), Bs(x) >/x € X} of X is said to

be an intuitionistic fuzzy B-algebra if it satisfies
as(x xy) = as(x) Aas(y)

Bs(x *y) < Bs(x) V Bs(y)

Definition 2.5: A non-empty subset | of a B-algebra X is called a B-ideal of X if it satisfies
forx,y,zeX

(i) 0€el
(i) (x*y) €land (z*x) € I implies (y xz) € I

Definition 2.6: Let (X,*,0) be a B-algebra, a fuzzy set « in X is called a fuzzy B-ideal of X

if it satisfies the following axioms
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(i) a(0) = a(x)
(i) a(lyxz) Zalx*y) Aa(z*x), forallx,y,z€ X

* 0 1 2
0 0 2 1
1 1 0 2
2 2 1 0

The fuzzy set a given by a(0) = 0.8, a(1) = 0.5, a(2) = 0.2 is a fuzzy B-ideal.

Definition 2.7: An intuitionistic fuzzy set S of a B-algebra X is said to be an intuitionistic
fuzzy B-ideal if it satisfies the following conditions

() as(0) = as(x)

(i) Bs(0) < Bs(x)

(i) as(y*2z) = as(x *y) Aag(z xx)

(iv)  Bs(y*z) < Ps(x*y)VPs(z*x),forallx,y,z€X

* 0 1 2
0 0 2 1
1 1 0 2
2 2 1 0

The intuitionistic fuzzy subset S given by as(0) = 0.9,a5(1) = 0.6,a5(2) = 0.3 and
Bs(0) = 0.1, Bs(1) = 0.4, Bs(2) = 0.7 is an intuitionistic fuzzy B-ideal.

3. HOMOMORPHISM AND ANTI HOMOMORPHISM OF B-ALGEBRA

Definition 3.1: Let (X,*,0) and (Y,A,0") be B-algebras. A mapping f: X — Y is called a
homomorphism if f(x xy) = f(x)Af(y), forallx,y € X

Definition 3.2: Let (X,*,0) and (Y,A,0") be B-algebras. A mapping f:X — Yis called a
antihomomorphismif f(x *y) = f(Y)Af(x), for all x,y € X.
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Definition 3.3: For any homomorphism f:X — Y the set {x € x/f(x) = 0'} is called the
kernel of f, denoted by Ker(f) and the set {f(x)/x € X} is called the image of ‘f > denoted

by Im(f).

Definition 3.4: Let f: X — Y be a mapping of B-algebras and a be a fuzzy set of Y. The map
af is the pre-image of a under f, if &/ (x) = a(f(x)) for all x in X.

Definition 3.5: Let f: X — Y be a mapping of B-algebras and S be an intuitionistic fuzzy set
of Y. The map S/ is the pre-image of S under f, if

i) ol =as(f())
(i)  BL(x) =Bs(f(x)) forall x in X

Definition 3.6: Let f: X — X be an endomorphism and « be a fuzzy set in X. We define a

new fuzzy set in X by a/ in X as a_{ (x) = as(f(x)) for all x in X.

Definition 3.7: Let f: X —» X be an endomorphism and S be an intuitionistic fuzzy set in X.

We define a new fuzzy set in X by S/ in X as
al () = a5(f(x))

,35 (x) = Bs(f(x)) forallx in X

Theorem 3.8: Let fbe an endomorphism of a B-algebra X. If S is an intuitionistic fuzzy B-

ideal of X, then so s/.

Proof:
i) a0 =as(F()
> a5(f ()
=af (x)

= al(0) = af (x)

(i) BL0)=Bs(F(D)
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< Bs(f ()

=L (x)
= B/ (0) < pL ()
(i) aly+2) =as(fy+2)
= as(f) * £ (2))

> as(F ) * fF()) A as(F(2) * £(2))

=as(f(x*y) A as(f(z *x))

=al(x*xy)nal(z*x)
salyxz)=alxxy)nal(zxx)

V) BL+2) =p(fy*2)
= Bs(F @) * £ (2))
< Bs(fCD = fFM)V Bs(f (@) * f(x))
= Bs(F(x* YV Bs(f (z % x))
=Bl (xxy) v L (zx)
= Bl (y*z) < BLGxy) VL (z+x)
Thus, S/ is an intuitionistic fuzzy B-ideal of X.
Hence, the proof.
4. CARTESIAN PRODUCT OF INTUITIONISTIC B-IDEALS OF B-ALGEBRA

Definition 4.1: Let S = {{x, as(x),Bs(x))/x € X} and T = {{y, ar(x),Br(x))/x € X} be
intuitionistic fuzzy sets of X. A Cartesian product of S and T defined by

SXT = {(,y), asxr(x,¥), Bsxr (X, ¥))/x,y € X}
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asyr = as(x) A ar(x)
Bsxr = Bs(x) V Br(x), where x,y € X

Definition 4.2: An intuitionistic fuzzy relation R = ((x, y), as(x,y), Bs(x,y))/x,y € X} on
X is called an Intuitionistic fuzzy relation on S if

af(x,y) < as(x) A as(y)

BRCe,y) 2 Bs() v Bs(y) forallx,y € X

Definition 4.3: Let S be an intuitionistic fuzzy set in X. An intuitionistic fuzzy relation R on
X is called a strongest intuitionistic fuzzy relation on S if

al(x,y) = af(x) A a®(y)

BR(x,y) = BR(x) v BR(y) forallx,y € X

Theorem 4.4: For a subset S of a B-algebra X, let R be the strongest intuitionistic fuzzy
relation on X. If S is an intuitionistic fuzzy B-ideal of XxX then

al(x,x) < a®(0,0)
BR(x,x) = BR(0,0) forx € X
Proof
Given: R is the strongest intuitionistic fuzzy relation of XxX, then
al(x,x) = a(x) Aa(x)
< a(0) A a(0)
= a®(0,0)
= af(x,x) < a®(0,0)
BRGx,x) = BV B(x)
= p0) v B(0)

= p*(0,0)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

40| Page




= BR(x,x) = B(0,0)
Hence the proof.

Theorem 4.5: Let S and T are intuitionistic fuzzy B-ideals in B-algebra X then ST is an
intuitionistic fuzzy B-ideal in XxX.

Proof
Forany (x,y) € X X X,
(as X a7)(0,0) = as(0) A ey (0)
> as(x) A ar(x)
= (a5 X ar)(x,y)
= (as X ar)(0,0) = (as X ar)(x,y)

Similarly, we can also prove

(Bs x Br)(0,0) < (Bs X Br)(x,¥)
Let (x1,%2), (V1,¥2), (21,2;) EX X X

Now,
(as X B)((1,¥2) * (21, 25))= (as X Bs) (1 * 21, ¥2 * 2,)
= as(y1 * z1) A Bs(v2 * 22)
> (as (g * y1) Aag(zy * x1)) A (Bs (g * y2) A Bs(z3 * x3))
> (as(xy *y1) ABs(xa * y2)) A (as(zy * x1) A Bs(25 % x3))

= ((“5 X ,85)((361 *y1), (xz * 3’2))) A

((“S X ﬁs)((Z1 *x1), (2 * xz)))
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= (as x ﬁs)(()’p)’z) * (21'22))
> ((as x Bs)(Gey % 1), Gz * ¥2)) ) A (Cas x Bs) (21 % x1) 4 (22 + x2)))

Similarly, we can also prove

(ar X ﬁT)((yl'yZ) * (Z1'Zz))
= ((aT X ﬁT)((Xl *y1), (X * 3’2))) A ((OfT X .BT)((Zl *x1), (2 * xz)))
Thus, S X T is an intuitionistic fuzzy B-ideal in X x X.

Hence, the proof.

Result 4.6: Let S and T be intuitionistic fuzzy sets of a B-algebra X such that SXT is an
intuitionistic fuzzy B-algebra of X. Then,

(i Either ag(x) < ag(0) or ap(x) < ap(0) forall x € X
(i)  Either Bs(x) = Bs(0) or Br(x) = By (0) forall x € X
(iii)  If ag(x) < ag(0) for all x € X, then as(x) < a7 (0) or ay(x) < ar(0)
(iv)  If Bs(x) = Bs(0) for all x € X, then Bs(x) = B (0) or By (x) = B (0)
(V) If ar(x) < ar(0) forall x € X, then ag(x) < as(0) or ar(x) < as(0)
(vi)  If Br(x) = Br(0) for all x € X, then Bs(x) = Bs(0) or B (x) = Bs(0)

Theorem 4.7: If S and T are the intuitionistic fuzzy sets in B-algebra X such that ST is an

intuitionistic fuzzy B-ideal of XxX then either S or T is an intuitionistic fuzzy B-ideal of X.
Proof

Since, as(x) < ag(0) or ar(x) < ar(0)

Let ag(x) < as(0)

And also, If ag(x) < as(0) for all x € X, then ag(x) < a7 (0) or ar(x) < ar(0)

Let’s take, ag(x) < ar(0)

as(x) = as(x) Aar(0)
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= (aS X aT)(x' 0)
as(y *z) = as(y * z) Aar(0)
= (as x ar)((y * 2),0)

= (a5 x ap)((,0) * (z,0))
> ((as x ar)((x, 0) * (3,0))) A (a5 x ar)((z,0) * (x,0))

> ((as X ar)(x*y,0x* 0)) A ((afs X ar)(z#*x,0 * 0))
= as(x *y) Aas(z * x)
= as(y *2) = as(x * y) Aas(z * x)
Similarly,
We can prove Bs(y * z) < fs(x * y) V Bs(z * x)
Hence, S is an intuitionistic fuzzy ideal of X.
Now let’s prove T is an intuitionistic fuzzy ideal of X.
Assume, ar(x) < as(0)
Then,
ar(x) = as(0) Aar(x)
= (as X ar)(0,x)
ar(y xz) = as(0) Aar(y xz)
= (as x ar)(0, (y * 2))

= (as x a)((0,) * (0,2))
> ((ag x @) ((0,2) * (0,1)) A ((as x ar)((0,2) * (0,x))

> ((as X ar)(0*0,x * y)) A ((as X ar)(0x0,z x))
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> ((as X ar)(0,x *y)) A ((ag X ar)(0,z * x))
=ar(x*y) Aar(z *x)
= ar(y*z) 2 ar(x*y) Aar(z * x)
Similarly, we can also prove, B (y * z) < Br(x *y) V Br(z * x)
Thus, B is an intuitionistic fuzzy B-ideal of X.
Hence the proof.

Theorem 4.8: Let S be an Intuitionistic fuzzy set in a B-algebra X and S® be the strongest
fuzzy relation on X. Then S is an intuitionistic fuzzy B — ideal of X if and only if S% is an
intuitionistic fuzzy B-ideal of XxX.

Proof
Suppose that S is an intuitionistic fuzzy B-ideal of X.

Then
af(0,0) = as(0) A as(0)
= as(x) A as(y)
= af(x,y)
= af(0,0) > af(x,y), for all (x,y) € X x X

Now, for any (x1,x,), V1, ¥2),(21,2,) € X X X
af (y1 * 21,2 * 23) = ad (1 * 20) A af (7, * 25)
> (as(x1 * Y1) A ag(zy * x1)) A (as(xz * yo) N ag(zy * xz))
> (“s(x1 * Y1) A ag(xy * }’2)) A (“s(Z1 * x1) N ag(z, * xz))
= ad (1 * Y1, %2 * ¥2) A af (21 % x1,2; * X3)

= af (y1 * 21, V2 * 22) = ad (xy * ¥y, %5 % y2) Aad(zy * x1,2; * x3)
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Similarly, we can also prove

p(0,0) < BE(x,¥)

BE(yy * 21,2 % 22) < BE(xy * 1, %5 % ¥2) V BE (21 * x1, 25 * Xx3)

Thus,S® is an intuitionistic fuzzy B-ideal of XxX.

Conversely,

Suppose that S¥ is an intuitionistic fuzzy B-ideal of XxX.
We know that,
as(0) = ag(x)
Bs(0) < Bs(x), forallx € X

Now, let (x1,x3), (1, ¥2),(21,2;) EX X X

Then,

as(y1 *z1) Nas(y, *23) = a§(y1 * Z1,Y * Z3)

> (@B (CGenx2) * G1,72)) ) A (@B ((20,22) * Gy, x2)))
= (a§((x1,y1), (xz,yz))) A (ag((szﬂ» (Zz,xz)))

= (as(x1')’1) A as(xz»Y2)) A (as(Z1JJ’1) A “5(22,3’2))

In particular, if we take, x, =y, =2z, =0

Then,

as(y1 * 1) = as(xy,y1) N as(zy,x1)

Similarly, we can also prove

Bs(y1 * z1) < Bs(x1,¥1) V Bs (21, x1)

Thus, S is an intuitionistic fuzzy B-ideal of X.
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Hence the proof.
5. CONCLUSION

In this paper we have discussed about Intuitionistic Fuzzy B-ldeals, Homomorphism,

Anti Homomorphism and Cartesian product of Intuitionistic Fuzzy B-lIdeals.
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