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ABSTRACT

In this paper we determine the necessary and sufficient conditions to
obtain summability factors in transition from |N, p, ¢, boundedness to ¢ —
IN, q,,6]; summability. The result obtained here generalizes many known

results.
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1. Introduction
Let {U,} denote the sequence of |N, g,,| mean of a sequence {s,}. Then
Up = Q)" Xh=0qmSm  (Qn # 0) (L11)
where Q, = X% _o G-
We say that a sequence {s,} is summable by the method ¢ — [N, p,, 8| if
net QR TN, = Uy |F < o (112)
We write formally the constants b, to define by the identity

=0 Gmx™) ™! = X5 by x™. (L13)
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We also write
13" = b() + b] + e+ b". (1.14)

Let )} a,, be an infinite series with the sequence of partial sum s,. Let {u,} denote the

sequences of (N, p, @) means of {s,}. Thus

Uy = (Rn)_l Z% =0 Pn-mQm Sm> (115)
where
R, = X _0 Pnemqm, for any n, (1.16)

p-1=¢-1 =R =0
The method (N, p, q) is regular if and only if the following conditions are satisfied:

) Lim, ppnqm / Ry= 0 for each m,

(1) XM _olPh—m@m| < M. where M is a positive constant independent of n.

We say that {p,} € M, if

pn>0, pn_+1<pn_+z<1, n=0,1,-

A series ), @, is said to be (N, p, @) bounded, or Y, a,- O(1) (N, p, ¢) if
Z%:l Pn-mqm = O(Rn): AS N — o,

For two methods of summability A and B, we say that &, € (4,B) if Y a,e&, is

summable by method B whenever ) a,, is summable by the method A.

2. Known results.
The following theorem was proved by Das in 1966 [11.
Theorem 2.1. Let{p,} € M,q, = 0. Thenif Y a, is |V, p, ¢ summable, it is [N, q,|
summable.
Later, Singh and Sharma [2] proved the following result.
Theorem 2.2. Let {p,} € M, g, > 0 and let {g,} be a monotonic nondecreasing sequence.

Then a necessary and sufficient condition that ), a, &, is summable |N, g, | whenever

X a,- O(D) (N, p, ),

o dn

Y—olen] < = and
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@ Qn+1 |A2

nO gn|<“’;

is that

@

le

Recently Rhoades and Savag [3] generalized the above result in the following form:

|Sn||gn| < o

Theorem 2.3. Let {p,} € M, q, > 0, {¢,) be a monotonic nonincreasing sequence and nq,, -
0(Q,). A necessary and sufficient condition that € € ([N, p, ql, IN, qn ) whenever
B Tae- CDIN p, gy

s @ k

11 Epl” < o,

( ) n= OQ | |
0 k-1

i) Zico(2)  aelF <
n

k—1

) . Qn+14

(iv) n=0( ntl q") ( ) |A€n|k < o
1

dndn+1

k—
. © Qn+1) (Qn) £,
(‘> n=0 (Qn+1 qn | |
is that

vi = qpk-1(dn Is [Kle,|* <
n=1 Q

In this note we generalize the above result for ¢ — |]V ,qn 6 | k summability methods,

where @ = {¢,} is a sequence of positive numbers. The result obtained here will generalize

many known results.

3. Some Lemmas.
‘We shall require the following lemmas for the proof of our main result.

Lemma 3.1.14] Let {p,} € M, then

(aybg >0, b, <0,n=1,2,-

(1) X —o b, x™ is absolutely convergent for |x| < 1, and

(©) Xn=obn =0, when X;_op, = =

> 0, otherwise.
Lemma 3.2. [11 If
n = (R) ™ X5 =0 Pn-m @ S

then

- (qn) Z Obn -m msm-
Lemma 3.3. [11 We have

%=0 Bn—mRm = Qn:
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where B, R, and Q, are defined as in Section 1.

4. Main Result.

In what follows, we shall prove the following result.
Theorem 4.1: Let {p, } € M, q,, > 0, {g.} be a monotonic nonincreasing sequence and @, q, -
O(Qn), where ¢, is a sequence of positive numbers. A necessary and sufficient condition that
Y a,&, is summable @ — |N, g, 8], whenever conditions (i) — (v) of Theorem 2.3 hold
together with
D Ticmer ' 4a Q' Quzy = 0(Qm)
R sk/(e=1), —1)\F7? Kk
(vii) anO ((pn ann ) |A€n| <o

is that

(i) Xao1 @n (g Qr D Isy [Flen | <
Proof. Let u, be defined by (1.14) and let U, be the |N, g,,| mean of the sequence Y. a, &,.

Then by definition, we have
Up = (@) " X0 q {:o ag = (Qn) 7 Z7-0(Qn — Qn-1)g 5.
Then for n = 1, we have
Up = Un—1 = 4, (QnQn-1)""' X}20 Qj—1a;¢
- 00(Qn Q1) T Q15[ T @ — TS al]
- 42 (@D [E o0 Q15 Blg @ — Xoo Q5541 Ty a
- 42 (QuQu-) [} A(Q)-18) i @ + 5 Qn- 1]

= ~qn (QnQn—l)_ 272_0 q;Sj§ +qn (QnQn- 1) S AS +
-1
+qnQn Spén
- (611 + (f”) + (”;, say (4,11)
Now invoking Minkowski's inequality, it is sufficient to show that
aot QLU <, 1=1,2,3, 4.12)

Now, using Lemma 3.32 and Lemma 3.33, we obtain
Upi =—=00(QnQu-1)"' X150 a5
- =G (QnQu-1) T 2123 4164 i by R tem
- =4n(QuQu-1)"" o Ryt X2 Byt
=0 (QnQn—1)"" ZiZo R[22 ,;<B, &) + by_1 5]
- Uly + UZy, say. 4.13)
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Now, we have

ro @I YL [y Bk g (0,0 ) K|S Ryt TPSL B A
< Tt (P @) (02 40 051 0y ) (T Rt T2 By |Ag 1)
- O o1 (08 40 Q71 055 (8228 186 Sy B R) Lusing (i1
- O(D Zfi:l((pgk 4,01 Q;]_‘l) ( }’;01 |Ag; | Q; )k [using Lemma 3.31
- 0D Taa (03 0, 000751 (2323 |8g | @ g ) (Qity 2yt )™
SO (0 051 0k ) (B0 [k g1+

K p 1 1 . 1
=(—)(1)Zf=1|A€j| Q7' M Qi X 98 4n Qn O

-O(D (using (iii) and (vi) 4.14)
A similar treatment will yield
:izl q)gk el |Ur%1 |k = :121 q)gk thed erf (Qn Qn—l)_k |Z%_=10 gan—l—m Rm U |k

< 2:121(()011"]11 Qr?l)k_l (Qogk qn Qr?lQ;]—cl)(Z%_:lo Ign IBn—l—mRm)k

[using (i)l
- 0D Xt 92 qulen|“Qn Qs (B Brom Ri)"
- O(Dlusing Lemma 3.3 and (ii)l 4.15)

Now ,
Uf = 4,(Qr Q-1 7" X2 QmAgy, S,
- (0, Q) XML QA gt 720 bn—j R; t; Tusing Lemma 3.21
- 4n(QnQn-) ' X120 Rty X Qi A by
~—qn (@ Qu—1) "t X720 Rty T B Qa1 G D +
+, (QnQn-1) "t 210" Rty T B Q41 A(gi ) Ay, +
+qn(QnQp—1)™? Z]T-":_ol R;t; Z%_:lj Bin—j Qun+1Gm410%Em +
+qn(QnQu-1) "' X720 R t;By_1-Quqr * As,
- Uy + Ul + U3y + Uy, say. (4.16)

Using condition (i), (iii) and Holders inequality, we obtain
k

» @ n-1 n-1
Z (pgk+k—1|U%2|k = Z (pgk +k_1(Qn (Qn Qn—l)_l)k Z Rjtj Z Bm—j qm+1q7?zlA€m
n=1 n=1 j=0 m=j
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SZ((PnQnQr:ll)k_l((p anlen 1) z Z|B —]|qm+1qm IAng
n=1

O oy (08 4,071 05%1) (BPZE R I8 B |ams 10t | A )

- O(D) X1 (02 4,07 0%y ) (B0 Gms1 it 1B | SPg R By )

-0 X1 (08% 4,001 Q1) o dmes1 G’ 1881, 1@ )

=0(DZZ=1(‘P 00 Qn ' Qn_ 1)Zm 0 aK 1 | A 1K QL gL  (Q 2 X g
- O(D) T Q410" 1A ¥ Qg7 T 21 (02% 4, Q1 Q1)

- O(D) Tz G 410" |Ae, [FQE A7 Q7Y Tusing (vl

-0 Tir—o Qi ' “1Aey, |

- O(1) (using (iii) .17

Further, using Holder's inequality

- —11772
n=1 q’gk-"k 1|Un2|k

:izl q)gk +k_1(_Qn (Qn Qn—l)_l)k |Z}n 1 tj Zn m—j Qm+1A(CIm )Agm |
< Z((annQrzl)k_l gongnQn Qn 1 z Z |B m—j |Qm+1A(CIm)CIm CIm+1|A€m|
n=1

- 01 it 0% 4, 07 07y (E1h Qs 1 A0 Gt g1 [ | X Ry By )"

-0 Z5o1 07 4 0 Q1 (B 20 O O 418(@m ) G G 41188, DF - Tusing Lemma 2.31
- 0D X521 0% 4, Q7 @ E s T 20(Qin Q180G ) @i G 1 | A ¥

- O(D) Xio1 02F 4, Q7 Q%) T 20 (Qun Q1 G i) i ¥ 1AG, | 1A g, |

X Qi1 X gt

- 0D X =0(Qm Q4 1Gm 1) @K 1AG 1| A [¥ X 11 05% 4, Q7 107 F4
- O(D X5 20(Qm11Gm' G +180m )" (Qrmqr ) Aey, |*
¢ (using (iv) and (vi) 4.18)

A similar treatment gives us
et ORI U, K
71 @R, (0, Q1) 1)k|2 SRt X By Q1@ 31 A Sml
< Tr1(@n4n 0D 084 4,071 Q%1 (X720 Rity Ty [Bin—j | Qms1Gim i 1078 I)
- O(D) By 92 0 0 05y (B2 Qs 1 @i 1826, | S BBy ;)"

= ()(1> Z;ﬂl=1 (pgk qn Qr?lQr:—l (Z%_:O Qm+1 qm+1 |A2€m Dk
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= O Xio1 00" 4 Q™ Qn1 B 2o Qs G310 Qs 1A% 1 (Qr 21 X2 G )
- ()(1) Z;n=0(Qm+1q;11-l-1)k (Qm q;ll)k_l Qm |A25m |k :i=m+1 (pgk dn Qr?l Q‘;]—(l
- O(D), (using (vi) and (v) 419

Now we use (iv) and (vi) to obtain
w k=11774 [k — T -1 -1 -1
n=1 ¢gk+ |Un2| — 4&n=1 (pgk-l_k (lAgn |Qn—1)k| %:0 RmumBn—l—m Ik
- 0D Xo o2 (188, 1071 Qi
(using (i) and Lemma 2.3)

- O(D) X5y @k (JAg, DF
. _ 5k /(k—1 _\k 1
SO Bt (0ndn Q) (02 Quat) I8,k

0 Sy (0274 00,q71) T lne, I
- O(D), (using (vii)) (4.20)

Now using equations (4.13) — (4.20) in (4.12), we find that the necessary and sufficient
condition for Y, a, &, to be summable ¢ — |N, q,,, 8|, whenever Y. a, is |N, p, q bounded is
that

ne1 PR U5 < o
i.e

A= @R (@ Q7 IsyFlen | <
‘Which is the required condition (viii).

This completes the proof of the theorem.

5. Concluding Remarks:

By taking ¢,, = nand § = 0, we get Theorem 2.3 and in that case the condition (vi)
will be obvious, while condition (vii) reduces to condition (iii). By selecting the values of &
and @, appropriately, we can also get the results of Mazhar [5]1 and Sulaiman [61, and thus all

the other results generalized by them.
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