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ABSTRACT

Fibonacci sequence {F,} is defined by the recurrence relation F, =F, _,+F, ,, n>2

with initial condition F, =0, F, =1 .This sequence has been generalized in many ways, some
by preserving the initial conditions, and other by preserving by recurrence relation. In this

paper, we study the right k-Fibonacci sequence{Fkan} defined by the recurrence relation,

Fk',qn = Fk?

n

L +kRE ., n=2 with initial conditions 7, =0 and F% =1 We derive some

interesting identities for this sequence.

1. Introduction:
Fibonacci sequence {F }, named after Leonardo Pisano Fibonacci (1170—1250), is
defined as F;, =0, F, =1 and F, =F _,+F _,, n>2 which gives the sequence 0, 1, 1, 2, 3, 5, 8,

13, 21, 34, 55, 89, 144 ... . The Fibonacci numbers are perhaps most famous for appearing in the
rabbit-breeding problem, introduced by Leonardo de Pisa in 1202 in his book called Liber Abaci.
However, they also occur in Pascal's triangle [1].

Some authors ([2, 3, 4, 5, 6]) have generalized the Fibonacci sequence by preserving the
recurrence relation and altering the first two terms of the sequence, while others ([7, 8, 9, 10, 11,
12, 13]) have generalized the Fibonacci sequence by preserving the first two terms of the
sequence but altering the recurrence relation slightly. In [14, 15, 16] new generalization depends

on two real parameters used in a non-linear recurrence relation.
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In this paper, a new generalization of the Fibonacci numbers introduced. It should be
noted that the recurrence formula of these numbers depends on one real parameter. These
numbers extend the definition of the k-Fibonacci numbers given in [7, 8] where k was a positive

integer. We now introduce a further generalization of Fibonacci sequence as the right k-

Fibonacci sequence {Fkrfn} using recurrence relation on one real parameter k given by

Fo =F& .. +kRS ,, n>2 where R =0 and F7 =1.

,n—=1

Some of the terms of this sequence are shown in the following table:

n Fo

0 0

1 1

2 1

3 1+k

4 1+ 2k

5 1+3k +k?

6 1+ 4k +3k?

7 1+5k +6k* +k*

8 1+ 6k +10k? +4k®

9 1+7k +15k* +10k*® + k*

10 1+8k +21k* + 20k ® + 5k *

11 1+9K +28k? +35k® +15k* +k°
12 1+10k +36k* +56k*> +35k* +6k°
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13 1+11K +45k* +84k® + 70k * + 21k° + k°
14 1+12Kk +55k* +120k> +126k* +56Kk° + 7k°
15 1+13Kk +66k?* +165k* + 210k* +126k> + 28k°® + Kk’
16 1+14k + 78k? + 220k ® + 330k * + 252k +84k° +8k’

If K =1, this sequence is a classical Fibonacci sequence and for K = 2, we get classical
Pell’s sequence. In this paper we obtain some interesting identities whose corresponding

counterpart is well-known in Fibonacci sequence.

2. Some basic identities:

Lemma 2.1: gcd(FS, Fo.) =1 Vn=0123--
Proof: Suppose that F% and FS, are both divisible by a positive integer d. Then clearly

FkR FkR Fkl,?n + kl:kF,{n—1 - FkF,Qn = ka',Qn—l

T Von T
will also be divisible by d. Then right hand side of this result is divisible by d. This gives
d | R, -Continuing this argument we see that d|F3 _,, d|F’ , and so on. Eventually, we
must have d | R . Since K7 =1we get d = 1, which proves the required result.
We now find an expression for the sum of first n terms of this sequence.

Lemma22 Ff+F% +F% ++FF, =%(F§n+z Y

Proof: We have F’, =F5, +kF", ,, n>2.Replacingnby2,3,4,... we get
FkF,{z = FkF,z1 + kaF,{o
FkF,QS = Fk',q2 + kaF;

Fkit = FkF,QS + ka',qz

R R R
Fk,n—2 = Fk,n—3 + ka,n—4
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Fkl,?n—l = Fkl,?n—z + kaI,?n—s
Fkl,?n = Fk?n—l + kaI,?n-z
Now adding all these equations term by term, we get

FkF,zz + kazg teeet Fk',?n = (FkF?PL FkF?2+ et FkF?n—l) + k(FkF?ojL FkF?1+ Fkaz"' et FkR,’nfz)
Fkl,?n - FkF,al = k(FkF,eo + FkR,l+ Fkaz"' et FkR,n) —k Fkanfl_ k FkF,en
k(Flfl + Fki,qz +eet Fkl,qn) = Fk'?n + kaF,zn—l + kai,Qn - Fki

= I:k’,QnJrl + kaF,{n -1= I:kR 1

n+2
R R R O
FitRe+Rs++FR, = E(Fk,n+2 -1

Lemma 2.3 Sum of the first 2nright k - Fibonacci numbers is given by
FkF,al + FkF,{z + Fk',?B oot Fk',?Zn :%(FIJ?ZM-Z -1).

Proof: We have R, =F’, +kF, ,, n>2.Replacingnby 2,3, 4,... we get
ka?z = FkF,zl + ka?o
Fk},?3 = Fk',qz + ka?l

Fk?A = Fk},qs + ka',?z

R _ R R

Fk,2n—2 - I:k,2n—3 + ka,Zn—4
R R R

Fk,2n—1 - I:k,2n—2 + ka,Zn—B
R _ R R

I:I<,2n - I:I<,2n—1 + ka,Zn—Z

Now adding all these equations term by term, we get

Fkr,ez + FkF,es +eet Fk'?Zn =1+ k)(FkR,l"' FkR,z"' et Fkazn—z) + FkR,Zn—l
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FkF?1+ FkF?2+' -t FkF?Zn = Fk',ql + 1+ k)(Fkal—’_ Fkasz et FkF\TZn)

-1+ k)(FkRjZn—1+ Fk?Zn) + Fki,?Zn—l

k(Fkl?l + FkF,zz +eeet FkF,{Zn) = FkF,QZn + kal,?zn—l + kaF,zzn - FkF,{l

= Fkl,azn+1 + kaF,zzn -1= Fk?2n+2 -1
R R R R 1, _r
Fk,l + Fk,2 + Fk,3 teeet Fk,2n = E(Fk,2n+2 _1) .

The following results follow immediately from above two lemmas.

Corollary 2.4 F

n

.» =1(modm) and F7,,, =1(modm)
We next find the sum of first n right £k —Fibonacci numbers with only odd or even

subscripts.

1
Lemma25 FR+FR+FR ++F2,  =———(FX, ., —kFR, . +k-1).
S 21Tk 2—k) - ¢ ’
Proof: We have R, =F, +kF, ,, n>2.Replacingnby3,5,7 ... we get

FkF,QS = FkF,QZ + kaF,al
FkF,zs = Fkl?4 + kaﬁs

I:|<F,{7 = kaae + kaF,es

R R R
Fk,2n—1 - I:k,2n—2 + ka,Zn—3

Adding all these equations term by term and using Lemma: 2.3, we get

R R R R _ R R R R
Fk,l + Fk,3 + Fk,s teeet Fk,2n—l - Fk,l + (Fk,z + Fk,4 oot Fk,2n—2

+ k(Fk},?l + Fkl,as teeet FkF,Qans)
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Z(FkF,el + FkF,{3 + FkF.QS +eeet Fki,QZn—l) =1+ (FkF,el + FkF,Qz toeet Fk',?Zn—l + Fk'?Zn)

+ k(Fk',?l + Fk',?s + Fk',qs toeet Fk’,?Zn—l) - Fk',?Zn - ka',?Zn—l
(2 - k)(FkF,?l + FkF,Qs + Fkl,qs teeet Fkl,QZn—l) =1- (Fkl,QZn + kal,QZn—l) +(Fkl,?1 + FkF,ez teeet Fkl,qzn)

1
SRR+ RS +RS ++Fo ) =1-F%. . +E(ka‘2n+2 -1

1
K Fk'?l + FkF,zs + Fk',?s R Fk|,?2n—1 = m (Fk?2n+2 - ka|,?2n+1 +k-1)
1
Lemma 2.6 RS+ RS+ R+ +F5, = W(FK?ZMZ ~k*F5, —1).

Proof: We have F7, =F’ , +kF", ,, n>2.Replacingnby 2, 4,6, ... we get
Fk',?z = Fkal + ka’,?o
Fk},?A = Fk|?3 + ka',?z

ste = Fkﬁs + ka',?4

Fk?zn = Fk'?Zn—l + kaF,Qanz
Adding all these equations term by term, we get
Fot+ R +RG++ R =(R + RS+ RS+ + R
+k(RS + R+ R+ + R,
Z(FkF,ez + FkF,z4 + FkF,QG Tt Fk'?Zn) = (Fkl,?l + Fkl,qz + FkF,{s oot Fkl,?Zn)

+ k(FkF,ez + Fk'?4 + FkF,Qe Feeet FkF,zzn) - kaFon
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(2 - k)(Fkl,?z + Fkl,?A + Fki,?e +eeet Fk?Zn) = (Fkﬁl + Fkb?z + Fk,Rs +eeet Fk?Zn) - ka},?Zn
1 R R
= E (Fk,2n+2 -1)- ka,Zn

1 R

Fk',?z + FkF,z4 + FkF,Qs +o+ RS (Fk,2n+2 - ksz',azn _1)

=@k
Now multiplication of two consecutive generalized Fibonacci numbers is given by

following lemma.

Lemma 2.7 B FR . =R 2 +kFS 2 +K°FS 2+ +k"' R = Zn:kn—i R
i=1
Proof Wehave F& =F5 ., +kRS , and 5., =F5 +kFS
FRFR L =FR (FR +KFR ) =FR2+KER L (FR L +KFR )
=FR2AKER 2+ KRR L (FR , +KFR )

=R 2 KRS L+ KR+ KRS o (Ro s + KRS L)

= FkR,n2+ kaF,{n—l2 + kZFkR,n—zz"' et kn_leF,; (FkR,1+ I:k',?o)

= FkR,n2+ ka'?n—lz + kszanfzz oot KT FkF,el2 = Z k™ FkF,{i2

i=1
3. Some more identities for right k — Fibonacci numbers:

We now derive some more interesting identities for F’, .

Lemma 3.1 FR

k,m+n

= kaFfmfl Fk'?n +F° EF

m" k,n+1*

Proof: Let m be the fixed positive integer. We proceed by inducting on n.
For n=1, we have FkF,{m+1 = ka',?m—l Fk',?l + Fki,?m Fk',qz :

Since R =F% =1,wehave RS, =F7, +kF:, ., which is true. This proves the result

k,m+1 —

for n=1.
Now let us assume that the result is true for all integers up to some integer ‘t’.

Thus both B, = KRS RS + R Fous and B = KRG Ro + Ron R holds.

k,m-+t
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Now, from these two results we have

FR  +KkFR =kF L (RS +KRGL) + o (R + KRS

k,m-+t k,m+(t-1)

= kaF,Qm—l FkF,{Hl + FkR R

m° Kk, t+2

—kFF R

k,m-1" k,t+1

+FR FR R

(D — Fome(te) -

which is obviously true. Thus by the principal of mathematical induction, the result is
true for all positive integers n.

It is often useful to extend the sequence of right k- Fibonacci numbers backward with
negative subscripts. In fact if we try to extend the right k- Fibonacci sequence back wards still

keeping to the same rule, we get the following:

n Foy
1 1
k
1
2 -
1+k
3 o
1+ 2k
-4 -—
1+3k +k?
5 —
1+ 4k+3k?
6 S
1+5k +6k? + k*
_7 k7

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.
International Research Journal of Mathematics, Engineering & IT (IRIMEIT)
Website: www.aarf.asia. Email; editoraarf@gmail.com , editor@aarf.asia

Page 32



INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT
VOLUME-2, ISSUE-4 (April 2015) ISSN: (2349-0322)

_1+6k+10 k2+4k®

-8 k8

Thus the sequence of right k — Fibonacci numbers is a bilateral sequence, since it can be

extended infinitely in both directions. From this table and from the table of values of F, , the

following result follows immediately.

(_1) n+1 F R

kn k,n?

Lemma3.2: R}, = n>1.

We now obtain the extended d’Ocagne’s Identity for this sequence.

k,m-n

Lemma 3.3: F} z(kl) (F FkRn+1 Fkl,?m+lel,?n)'

Proof: Replacing n by -n in Lemma 3.1, we get
=kF?

kmn kmleF,{n+F I:kRnJrl
Using the definition of left k — Fibonacci sequence and Lemma 3.2, we get

(G "
I:kRn FR I:kRn—l

knl

-1
= ( ) (F FkRn—l kF,zm—l Fk',?n)

kn—l
-1 1 1
= (kn_)l [F " ( k,n+1 FkF,zn) - E (Fk',?mﬁ-l - Fkl,?m) I:k':,zn]

I:k':,{m—n ( kl) ( F FerH-l Fk',?mﬁ-l I:k',?n ) '

We next prove the divisibility property for Fkan .

Lemma 3.4: ka‘ ; for any non-zero integers m and n.

| k mn?
Proof: Let m be any fixed positive integer. We proceed by inducting on n.

Forn =1, we have % | K7 , which is obvious. This proves the result for n = 1.

km’
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Now suppose the result is true for all integers n up to some integer ‘t’. i.e. we assume that

R R R R R R R R
Fk,m ‘ Fk Then Fk,m(t+1) = Fk,mt+m = ka,mt—le,m + Fk,mt Fk,m+1 :

,mt

But by assumption, we have F7 |FS,, . Thus F7 divides the entire right side of the
above equation. Hence F7 | R7, .., . Which proves the result for all positive integers n.

Note: By Lemma 3.2 it is obvious that the above divisibility criterion holds for negative values

of n also.
R 2 1 R 2 1 R
Lemma 3.5 K, +E Fona = X R one -
Proof: Here also we use the principal of mathematical induction.
For n=1, we have F3? +% R :1+% :%(1+ K) :%Flfg.

This proves the result for n=1.
We assume that it is true for all integers up to some positive integer ‘t’.

Fr % Fr 2 Z%Fﬁzm holds by assumption.

NOW I:k|,2t+12 +% Fk',thrZ2 = I:kR,tJrlz-'_ % (FkF?t+l+ k FkR,t)2

K t+1

= Fk',q’wl2 + % (FR 2+ 2k FkR,t FkF\,’t+1+ kz Fkliz)

= FkF,{t+12 + kaFft2 + % (Fkat+12 +k FkR,t FkR,t+1+ kaF,{t FkF?t+1)

= k(FkR,t2+% F § 2) + %[Fk':,etﬁ—l(l:kﬁwl + kaRt) + kaF,at Fk'?H—l]

Kk, t+1

1 1
= k(E Fk?2t+1) + E [FkL,t+1FkL,t+2 + kaI,_t Fkl,_t+1

1
= FkR:2t+l+ E (k Fkl,?t FkF?t+l+ Fki+l Fkl,?t+2)

1 - 1 .

_ER _ - _ R
- Fk,2t+l+E K t+l+t+1 — K Fk,2t+3 - Fk,2(t+1)+1

This proves the result by induction.
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Now, we derive a result which connects three consecutive right k- Fibonacci numbers

with odd subscript.
Lemma 3.6 R, —(k+DFS, ; +k*F5,., =0

2+
Proof By definition
Fiones = Foonca T KRns = (R TKRG0,) +KRG
=(k+DF5 5 +kF 0.,

NOW I:kF,e2n+5 - (2k +1) FkF,{2n+3 + k2 Fk?2n+l
=(k+1) FkF,{2n+3 + ka?zmz —(2k+1) FkF,zZn+3 + kZFkl,QZnH
=(k+1) Fkl,?2n+3 —(2k +1) Fk?2n+3 + k(Fk?2n+2 + kaR

,2n+1

= (k +1) FkF,eszrs - (2k +1) Fk?2n+3 + kaR 0

2043
We finally prove the analogous of one of the oldest identities involving the Fibonacci
numbers - Cassini’s identity, which was discovered in 1680 by a French astronomer Jean —

Dominique Cassini.

Lemma3.7 F.,,.F ., —F&2=(D"k".
Proof : We have R} | .F®  —F % =(F +kFS )FS  —F*?
= FkF,zn FkF,zn—l - I:kF,enz + kaF,{n—l2
= I:kl,?n (Fkl,?n—l - I:kl,?n) + kI:kl,?n—l2

= I:kl,?n (_ka',Rn—Z) + kl:kl,?n—l2

= _k(FkF,{n I:kF,{n—Z - I:kl,qn—lz)
Repeating the same process successively for right side, we get

E I:I<|,?n+1|:kl,?n—1 - I:kl,?nz = (_k)z (Fk?n—l Fk?n—s - Fkl,?n—zz)

= (_k)n (Fk},ql'l:kF,a—l - FkF,{oz)
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= (—k)”(l_% -0)= (_1)n.kn—1

Fk'?l =1, FkF,QO =0, FkF,e—l =
Since the value of

x| =

, We have
Fk?n-*—l'l:kl,?n—l - Fk?nz = (_1)n .knil
Lemma3.8 R\, —c" =(1-c)R , +[A—c)c+KI[F c"* + R c" +---+ R ]

where c=1

Proof  We prove this result by the principal of mathematical induction.
For n=2, we have F’, —c=(1—c)F%+[(1-c)c+K]RS whichgives 1-c=1-c.
This proves the result for n=2.
We assume that it is true for all integers up to some positive integer ‘t’.

R —c ™ =@-c)R , +[A—c)c+KI[R, c 2 +FoL e P+ + R L1, c=1
To prove the result is true for n=t+1.

Now RHS = (1-¢)R’ +[(1-c)c+ k][R ¢ +R: ¢ 4+ R ]
= (1-0)R +[(k=0) c+I[F 4+ CRS ,+C* R gt +C PR+ R

R R R R 2rR t-1—R
= (R +kR ) —CR +k(cR  , +C°F s ++CR))
+C(Fo, +CRS, +-+C PRI +CRY)

2R 3R t-1—R trR
-C Fk,t—l_c Fk,t—z —-—C Fk,l_c Fk,l

= FkF,Qm - CFk',?t + C(Fk',?t—l + kalifz) +c? (stt—z + kaF,ztfs) teeet Ctil(FkF,{l + kaF,{o)

2 =R 3 —R t-1—R k _ R t
—C Fk,t—l_c Fk,t—z_'”_c Fk,Z_C _Fk,t+l_c'

Ria—C = (@-0)RS +[A-c) e+ kIR, ¢ + RS ¢ -+ R L]
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The result is true for n=t+1. This proves the result by induction.

n-2
Note: If we take ¢ =1in this result, we have R =1+k> FF.
i=1

Robinson [17] used the matrices to discover facts about the Fibonacci sequence. We now
demonstrate a close link between matrices and right k- Fibonacci numbers. We define an
important 2x2 matrices as follow, which plays a significant role in discussions concerning right

k- Fibonacci sequence.

0 k KER kFR
Lemma3.9I1fU = thenU"=| " ot e
1 1 Fk‘n F

k,n+1

Proof: We will prove this result by using principal of mathematical induction,
kKFY KRR 0 k
for n=1,wehave U=| % "« |=
F. Fo 11
The result is proved for n=1.

k
Suppose it is true for n=t.i.e. U :{

kFY ., KES|[0 k] |[KEY KRR +K°F
NOW Ut+l :UtU :|: I:k;?t—l FRk,'[:||: :|:|:FR|<,I Fkl,-: +k|:ké—l:|
k,t k,t+1 k,t+1 k k.t

Jt+H
_ |: kast kaﬁt +1}
I:kF,{t+1 Fkr:zt-*—Z
Thus the result is true for n=t+1. This proves the result by induction.

0 k
Lemma: 3.8 can be prove by using matrix, We have, U = [1 J then |U|=—k
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kFR kFR
also U" :[ Fk'R”‘l Rk'“} then [U"

k,n k,n+1

= kal,?n—l FkR kar’enz

n+l

\u "

= k I:Fkl,?n—l I:ki,?nJrl - Fkl?n2j| (_k)n = k I:Fkl,?n—ll:kl,?ml - FkF,anz]

LR LR LR =(-1) k"

n+l
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