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ABSTRACT
We obtain infinitely many non-zero integer solutions (x,y, z,w,T) satisfying the non-
homogeneous cubic equation with five unknowns given by x2 + Xy — y2 —z-w=T3.
Various interesting relations between the solutions and special numbers are presented
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NOTATIONS:

Tm,n -Polygonal number of rank nwith size m

P."- Pyramidal number of rank n with size m

SO, -Stella octangular number of rank n

OH,, - Octahedral number of rank n

J|, -Jacobsthal number of rank of n

I - Jacobsthal-Lucas number of rank n

KY. -keynea number of rank n

CR, ¢ - Centered hexagonal pyramidal number of rank n
F4,n 5-Four dimensional pentagonal number of rank n
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The theory of Diophantine equations offers a rich variety of fascinating problems. In
particular, cubic equations, homogeneous and non-homogeneous have aroused the interest
of numerous mathematicians since antiquity [1-3]. For illustration, one may refer [4-11] for
homogeneous and non-homogeneous cubic equations with three, four and five unknowns.

This paper concerns with the problem of determining non-trivial integral solution of the
non- homogeneous cubic equation with five unknowns given by X2 + Xy — y2 —z-w=T3

A few relations between the solutions and the special numbers are presented.

Initially, the following two sets of solutions in (x,y, z,w,T) satisfy the given equation:
(4k2, 2k, 2(4k* —k?) + p, 2(4k* —k?) = p, 2k)

(—2ka?, -2k, —2k? (- a™) + p,—2k?(1— &™) - p,—2aK)
However we have other patterns of solutions, which are illustrated below:
Method of Analysis:

The Diophantine equation representing the non- homogeneous cubic equation is given by

X2+ xy—y?—z-w=T3 1)

Introduction of the transformations
X=U+V,y=U—-V,Z=2u0+ p,W=2uv—p 2
in (1) leads to
u?—v? =T? (©)
The above equation (3) is solved through different approaches and thus, one obtains different

sets of solutions to (1)

Approachl:
The solution to (3) is obtained as
u=a(a*—b%,v=b(a®-b*),T =a*-b? 4)

In view of (2) and (4), the corresponding values of (x,y,z,w,T) are represented by

x = (a+b)(@*-b%
v=(a—-b)(a?—b?)

z=2ab(a*-b?)?+p )
w=2ab(a’-b*)*-p
T=(a’-b?)

The above values of Xx,y,z,wand T satisfies the following relations:
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1. x(@+2,a+)+y(@+2,a+l)+T(a+2,a+1) 4Ty 4 —32CP, 5 +48(0OH,) =0(mod15)
2. The following expressions are nasty numbers:
(a) 3p[2z(a,b) —x?(a,b) — y?(a,b)] .
(b) x(2a,a)+y(2a,a)—6SO, +6PR; .
3. The following expressions are cubic integers
(@) 9[x(2a,a) + y(2a,a) +z(2a,a) +w(2a,a) +T(2a,a) — 6Pa5] .
(b)9[4x(2a,a) +4y(2a,a) + z(2a,a) + W(2a,a) —36(SOa3 —Ty.a)]
4.16[x(a,1) - y(a,1) + wW(a,1) + 4CP, g — 4T3 4 +1] is a quintic integer

5.x(a+La)+y(a+La)+T(a+1a)—8T3 5 —8CP; g +12(0OH,) = 0(mod3)
6.x(2*",2°") + y(2*",2%") = 2(jion ~ Jgn)

7. 9[4x(2a,a) +4y(2a,a) + z(2a,a) + wW(2a, a) —36(SOa3 ~Ty.a)]

8. T(22™1,22M) =3KY,, 35041

9. z(2a,a) —w(2a,a) — x(2a,a) - y(2a,a) +12CP; g =0(mod 2)

10. y(@,)-x(@D)+T(a,)+Ty 4 =1

Approach2:
The assumption

u=UT,v=VT (6)
in (3) yields to

u2_v2=t (")
Taking T = -t (8)
in (7), we get
U2 +t2=v? 9)
(i) Then the solution to (9) is given by
t=2aBN =a?+p°U=a?-p% a>p>0 (OR) (10)
U=2aB8V =c?+p°t=a’-p° a>p>0 (11)

From (6), (8) and (10) we get
u=—4a’p%(a® - %)
v=-4a’p?(a® + B?) (12)
T =—4a? 2

In view of (12) and (2), we get the corresponding integral solution of (1).as
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X =-8a’p*
y=-8a"p’

7=32a"B (" - B+ p
w=322"p" (" - p")-p
T =—4a’fp°
Remark: 1
By considering (6), (8), (11) and (2), we get the corresponding integral solution
to (1).as
x=—(a’-p*)(a+p)
y=(a’~p)(a-p)
z=4ap(a’ +p*) e’ - %) +p
w=dap(a’ +p*) e’ - %) - p
T — _(aZ _ﬂZ)Z
Properties:
1. x(2a,a) + y(2a,a) +z(2a,a) —w(2a,a) +72CPa3 6 =0(mod2)

2. x(2a,8) - y(2a,a) +360(Py)? = 90T, 4 (2P2 +2T3 4 ~ T4 )
3. 3[72(2T3 5 — T4 ) —36PR, —T(a—1,a+1)] is a cubic integer
4. z(2a,a) -w(2a,a) —2p +42F, 5 5 —21CP, g —14T, 4 is a biquadratic integer
5. 2(a,1) +W(a,1) ~16CP, ¢(T4  ~1)* =0
(i1) Now, rewrite (9) as,
U2 +t2 =1*Vv? (13)

Also 1 can be written as

1=(-)"@M" (14)
Let V =a? +b? (15)
Substituting (14) and (15) in (13) and using the method of factorisation, define,
(U +it) =i"(a+ib)? (16)

Equating real and imaginary parts in (16) we get

U= cosn—ﬂ(a2 —b®)—2absin 7z
2 2 7
t= 2ab(:osn77[+sinn77[(a2 —b?)

In view of (2), (6), (8) and (17), the corresponding values of x,y,z,w,T are represented as

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.
International Research Journal of Mathematics, Engineering & IT (IRJTMEIT)

Website: www.aarf.asia. Email: editoraarf@gmail.com , editor@aarf.asia

Page 4



INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT
VOLUME-1, ISSUE-4 (August 2014) ISSN: (2349-0322)

X :T[cosn%r(a2 —b?)—2absin r]77[+(a2 +b?)]
y =T[cosn7ﬂ(a2 —b?) —2absinn7”—(a2 +b?)]
z=2T"%@a* +b2)[cosn?”(a2 —b?)—2absin n77T]+ P
W= 2T*(a2 +b2)[cosn7ﬂ(a2 —b?)—2absin ”7”]— p

T =—[sin n?ﬂ(a2 -b*)+ 2abcosn7”]2
(i) 1 can also be written as
2 02y, 2 2y
((m==n%)+i2mn)((m“ —n<)—i2mn) (18)

1=
(m2 +n2)2

Substituting (15) and (18) in (13) and using the method of factorisation, define,

2 2y

U +ity =M . )+2'22m”) (a+ib)? (19)
(m“+n)

Equating real and imaginary parts in (19) we get

1 ~{(m* —n?)(a* —b*) —4mnab}
+n

U:

m’ (20)

t= {2ab(m? —n?)+2mn(a® -b?)}

m? +n?
In view of (2), (6), (8) and (20), the corresponding values of x,y,z,w,T are represented as
X = (m?+nA)T[(m* —n?)(A% — B?) —4mnAB + (m* + n?)(A’ + B?)]
y = (m* +n?*)T[(M? —n?)(A* — B?) —4mnAB — (m* +n?)(A® + B?)]
z=2T*(m*+n?)[(A* -=B*)(m* —n*)—4mnAB] + p
w=2T*(m* +n?)[(A* - B*)(m* —n*) —4mnAB] - p
T =—(m*+n*)’[2AB(Mm* —n?) + 2mn(A* — B?)J?
Remark?2: By writing 1 as
_(2mn+ i(m2 —n2)(2mn —i(m2 —n2)
- (m2 +n2)2
and performing the same procedure as above the corresponding integral solution to (1)

can be obtained
Approach3:

1

Equation (3) can be written as
(U=V)(U+V) =1xT3 (21)
Writing (21) as a set of double equations in two different ways as shown below, we get

Setl: u+v:T3, u-v=1
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Set2: u—v:T3, u+v=1

Solving set1, the corresponding values of u,v and T are given by

u=4k3+6k?+3k+1v=24k3+6k?+3k,T =2k +1 (22)

In view of (22) and (2), the corresponding solutions to (1) obtained from setl are
represented as shown below:

x =8k3 +12k2 + 6k +1
y=1
7 = 2(4k3 + 6k + 3k +1)(4k3 + 6k? +3K) + p
w = 2(4k3 +6k? + 3k +1)(4k3 + 6k% +3K) - p
T=2k+1

Properties:

1. x(a) +y(a)— 24P} =0 (mod 2)
2.6[2x(a) +2y(a) +z(a) +W(a) +T(a) —4T3 4 +T4 5 —1] is a nasty integer.

3.4[x(a)+y(a) —24Pa4 —5CP; g +3CP, 10] Is a cubic integer.
4. 8 gy +12jan +6 op +3dopaq — X(227,22M) + y(2*", 221 —T (2", 22") = 0(mod 26)

5. z(@)—-w(a)+y(@)—-2p=1

Remarka3:
Similarly, the solutions corresponding to set2 can also be obtained.

Approach4:
Substituting, T = a? —b?
in (3) and writing it as a system of double equations as

u+v=_(a+ b)3
u-v=(a- b)3

and solving we get
u=a+ 3ab2}

(26)

v=3a’b+b3

In view of (26) and (2), the corresponding solutions to (1) are represented as shown below:
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x=(a+b)3
y=(a-b)’

z=2(a° +3ab?)(3a’b+b%)+ p
w=2(a% +3ab%)(3a%b +b%) - p
T =a%-b?

Properties:

1.3[x(a,a)+y(a,a)+z(a,a) —w(a,a) —8CP, ] is a nasty number
2. X(a,))+y(a,1) —4CP, 36T 5 +2Tg 5 =0

3. x(a,a)+T(a,a)+z(a,a)—w(a,a)—2 isacubical integer

4. z(a,a)+w(a,a)+x(a,a)+y(a,a) —144P§ +72T4 4 =0

5. x(a,2) +y(a,1) —6Py —4T, 5 +2Tg , =0
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Conclusion:
In conclusion, one may search for different patterns of solutions to (1) and their

corresponding properties.
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